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ABSTRACT 

We study the image of the theta correspondence from SL(2) to a rank one 
orthogonal group (over a number field). The image consists of cusp forms, the 
Fourier coefficients of which satisfy a certain invariance property. We show 
that this property characterizes the image. The proof requires first an analo- 
gous local statement (almost everywhere) and then a use of certain Rankin- 
Selberg integrals. 

Introduction 

Let k be a number field and X a vector space over k equipped with a 
nondegenerate symmetric bilinear form ( , ) defined over k, with Witt index 
one. Assume that m -- dim X > 5, and put G = SO(X), the special orthogonal 
group of  (X, ( , )). In this paper we characterize the image of the theta 
correspondence from SL(2, A) (the metaplectic group in case m is odd, and 

SL(2, A) in case m is even), to G(A). (A is the ring of adeles of k.) The 

characterization is in terms of  a certain property of  the Fourier coefficients of  

cusp forms on G(A). We call such cusp forms special. To explain this term, we 

introduce some notation. Note that G is a group of rank one over k. Write 

(:) X k ~- ke I + L k + ke_l  

where el, e-I  are isotropic vectors, (el, e_ l ) - -1  and Lk is the orthogonal 
complement of kei + ke_ i. We write the elements of G according to (1). 
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Denote by P the parabolic subgroup of G, which preserves ket. (We assume a 
left action of G on X.) The elements of the unipotent radical Nk have the form 

1 v* - ~ ( v , v ) )  

n(v)  = IL V 

1 

where vEHom(ke_~, L i )= Lk and v* is the linear functional o n  Lk which 
sends I eLk to -- (V, l). 

Let ~ be a cusp form on G(A), then it has a Fourier expansion 

~(h)=  Y~ ~t(h) 
O§ 

where 

~t(h ) = J Lk\L, {ll-I((V, l))~(rl(v)h )dv, 

is a fixed nontrivial character of k \ A. Denote for 0 § l ELk by Ot the 
stabilizer of t/(l) in M, the Levi part of P. The elements of Ot have the form 

where e = •  and /~ESO(L) satisfies h~.l =el. (Note that (1, 1)§ 0, and 
hence O1 is the orthogonal group of the nondegenerate space (I)• L.) 
We clearly have 

~at(Jh) = ~t(h), VJEOt(k). 

Denote by Of the connected component of Ol. We say that the cusp form ~(h) 
is special if for any 0 ~ l ~ LK 

= V 6  Of(A) .  

An irreducible, automorphic, cuspidal representation ~ of G(A) is called 
special if all its cusp forms are special. It is straightforward to see that a 
representation ~ which lies in the image of the theta correspondence from 
SL(2, A) is special. This is shown in Section 1. The main theorem of this paper 
is that the converse holds. For that we introduce local analogues of special 
representations. Such representations satisfy a certain "U-property": Let ~v be 
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an irreducible admissible representation of G~ = G(k~), we say that lrv satisfies 
the U- property if for every nonisotropic l E L~ and any linear functional 7 on 
V~, (the space of lrv), satisfying 

Vu Lo 

3' also satisfies 

(Of is defined similarly over k,). In Sections 2 and 5 we prove the analogous 
local theorem for unitary representations with U-property. We prove this 
under the assumption that v is finite and that the rank of G~ is at least two. Note 
that since dim L > 3, then G~ is of rank at least two for almost all places v. In 
Section 2 we prove that a representation of G~, obtained by the local theta 
correspondence from SL(2, k~), satisfies the U-property. The proof is a local 
analogue of the proof given in Section 1. In Section 5, after some preparation, 
we prove the converse. We show that an irreducible unitary representation 
with U-property restricts on a certain subgroup Q to an irreducible represen- 
tation (Theorem 5.3). Next we prove (Theorem 5.4) that two irreducible 
unitary representations with U-property, having the same restriction on Q, are 
isomorphic. This together with an explicit description of the local theta 
correspondence from SL(2, kv) IS], implies the (local) theorem. 

To obtain the global theorem, we introduce certain Rankin-Selberg integrals 

In(s) = f ~o(h)E(f, h)dh, ~o~. 
J H  (k)\H(A) 

H is the stabilizer in G of a nonzero element ofLk. E(f~, h) is a certain special 
Eisenstein series on H. It turns out that In(s) has a (simple) pole at s-- 
(m - 3)/2 (for some H) if and only ifn lifts to SL(2, A). On the other hand the 

integral In(s) is (essentially) Eulerian, and can be computed explicitly, since 
for almost all v, n, has the U-property and hence is obtained (by the theta- 

correspondence) from a (unitary) representation of SL(2, k,). The 

computation shows that In(s) has a pole at s -- (m - 3)/2 (for appropriate H). 
We remark that l,(s) yields the standard L-function for n, provided E(~, h) 
is properly normalized. However, In(s) generally vanishes identically 

except for a small class of cuspidal representations (which include special 

representations). 
It is not hard to see that with slight modifications our proof gives the 

similarly theorem for the case where the Witt index of X is two. (Here a cusp 
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form r is special if 9t is Of(A) left-invariant, whenever l ELk is nonisotropic.) 
This case was studied by Piatetski-Shapiro [PS] for the group PGSp(4)= 
SO(3, 2). Our terminology is borrowed from this work. The local theorems 
presented here generalize those in [PS]. The idea is to focus attention on the 
subgroup Q, and then the proofs become essentially the same. We present the 
proofs in a slightly different style, adapted to Mackey theory. The global 
integral In(s) was introduced in order to overcome the fact that G may remain 
a rank one group in a finite number of places. 

This paper was written during the special year in automorphic forms and 
L-functions, which took place at the Institute for Advanced Studies at the 
Hebrew University, Jerusalem in 1987/1988. We thank the Institute for its 
hospitality. 

i 

w Them-lifts from SL(2, A) to G(A) are special 

Let o be an irreducible, automorphic, cuspidal representation of SL(2, A). 
Fix a nontrivial character ~u of k \ A, and denote by O(a, u the theta-lift of a to 
G(A). In this section we show that 0(o, V) is special. We employ the nota- 
tion already established in the introduction. Let Y be the two dimensional 
symplectic space defined over k, with symplectic form ( , ). We let SL(2) 
act on Yfrom the right. The reductive dual pair (SL(2), G) is embedded inside 
Sp(Z), Z = Y@X(with symplectic form ( , ) @( , )). Let ogwbe the Well 
representation of Sp(ZA) realized in L2(ZA) where Z = Z + + Z -  is a given 
polarization of Z. The space of O(e, V) is generated by the forms 

(1.1) (a(h) = f O~(g, h)~(g)dg, h EG(A) 
.Js  L(2,k)',SL(2,A) 

where ~Etr and O~(g, h) is the theta-series 

O (g, h) = X oJ,,(g, h)O(z), 
z~Zi- 

In this section we choose the following polarization of Z. Let {e+, e_} be a 
basis of Yk, such that e_+ are isotropic and (e+, e_ ) = 1, (we represent SL(2) 
according to this basis), then consider the polarization 

Z = Z  + + Z - ,  

Z +- = Y@e+_l +e+_ ~ L .  
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We identify Z -  -- Y (~ L. We will need the following formulas. (For formulas 
for to~ and generalities see [R] for example.) 
(1.2) For OES(YA(~LA), V~LA 

coy(l, rt(v))r l) = V(�89 l) y + - y+y-(v, v)))r 1 - y-v)  

where y = y+e+ + y -e_  

(1.3) to~((1 x O 1 ) , l ) ~ y ; l ) = u 1 8 9  x 01);l ) .  

Put 

~ 
PROPOSITION 1.1. Assume that a does not lift (via 0(., q/)) to SO(LA), 

then 0(o, u is nonzero i f  and only i f  o has a Whittaker model with respect to 
U and a character 

where ~ E k* is represented by the quadratic form on Lk, i.e., there is l E L  k such 
that (l, l) = 4. 

PROOF. 0(o, ~) is nonzero if and only if there is 0 ~ lo~Lk such that 
~/o(1)~/~0 for f0 of the form (1.1). (By our assumption on o, ~0(1) ----- 0.) Let us 
first show that 

f vk Y~ h)0(e+; l)~(g)dg. ~(h) = \SL~A~ I ~  
to~,( g , 

For this, we may assume that h -- 1 and 0 = 0, | 02, where 0, E S(YA) and 
O~ E S(LA). Then it follows that 

1)--(y~r~ O'(Yg))O~2(g, 1), g ES'-~2, A) O*~ ( g , 

where ~)~2(g, 1) is the theta-series corresponding to the dual pair 
(SL(2), SO(L)). Thus 

O~(g, 1) -- 01(0)t)~2(g, 1) + Y. ~1(8+ yg)~2(g, 1) 
~,E Ut\SL(2,k) 

and hence 
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\SL(2,A) 

= :V, XSU2,A)q)~(e+g)O~'(g, 1)~(g) 

= f t ,  ~, to~,(g, 1)~(e+; l)~(g)dg. 
\ SL(2,A) I~Lk 

We used our assumption on (7. Let lo ~ Lk be nonzero. We will obtain a simple 
formula for r Using (1.2) 

t/)t~ = ~XLA \SL(2,A) IELk 

= :  f )//-l((V,/o)) Z ~/((v,l))o~,(g,l)q~(e+;l)~(g)dvdg 
U~\SL(2,A) LtkLA l~Lk 

f = to~,(g, DO(e+; lo)~(g)dg. 
U,\SL(2,A) 

(We assume that the volume OfLk \LA is one.) Using (1.3) we get 

.,..l" ' 10). I',,,, 

Thus 

(1.4) 

where 

YvA to~,(g, 1)~e+; [o)W~,(lo,lO/2(g)dg ~to (1) ---- \SL(2,A) 

w~(g)-- f k\A V/-~(Ax)~(u(x)g)dx. 

Formula (1.4) shows that if a has no Whittaker model with respect to Uand the 
character ~r162 for any 0 § lo~Lk (in the sense that wr 
then 0(a, u  Now assume that (7 has a Whittaker model with respect to 
U and ~tdo~2, then ~to(1)~0, since otherwise, for r 1 6 2 1 7 4 1 6 2  as above we 
get from (1.4) 

:VAXSL(2,A) el(e+ g)62~,(g, 1)fb2(lo)Wr ~-- O, V ~ S(YA). r 

This implies that ~v,(g, 1 )~2(/0)W~,(/e,/e)/2 (g)"~-0, which is impossible. (62 v is the 
Well representation corresponding to the dual pair (SL(2), O(L)).) The pro- 
position is proved. [] 

Formula (1.4) implies 
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THEOREM 1.2. Let cr be as in Proposition 1.1, then (ifO(tr, q/) § 0), O(cr, r 
is a special representation. 

PROOF. Let lo ~ L, be nonzero, and let 8 be in Ofo (A). 8 has the form (1) 
J =  3 , 3.10 = lo. 

1 

It is easy to see that 

a)O(e+; lo) = O(e+; lo). 

Thus (1.4) implies that 

~Oto(Jh) = ~Oto(h) Vh~G(A), ~EO(a,~). [] 

p 

w Local theta-lifls from SL(2, F) to  G satisfy the U-property 

Let F be a local nonarchimedean field and X a vector space equipped with 
a nondegenerate symmetric bilinear form, having a positive Witt index. 
We assume that m -  dim X >_-5 and put G--SO(X).  We write again 
X = Fet + L + Fe_ 1 as in (1) in the introduction, only that now L is not 
necessarily anisotropic. We will employ the local notation analogous to that 
already used in the previous sections (e.g., Y is the two dimensional symplectic 
space of F, o)~ is the Weil representation corresponding to the dual pair 
(SL(2, F), G), etc.). 

PROVOSmON 2.1. Let a be an irreducible, admissible representation oJ 
SL(2, F), and 7r an irreducible, admissible representation of  G such that 
Homvu2,F) x o (ogv,, 8 | ~r) § 0. Let lo ~ L be nonisotropic, then the space of  linear 
functionals y on Vx (the space of  n) satisfying 

(2.1) y(n(q(v))~o)=~v((v, lo))y(~o), v ~ L ,  ~oEV, 

is at most one dimensional. 

PROOF. The proof runs in complete analogy to the proof of Proposition 
1.1. We realize to~, in S(Y ~ L) as in Section 1. (The analogues of(1.2), (1.3) are 
of course valid.) Let 7 ~ be a nonzero element in HomvLt2.F)• 8| = 
HOmVL(2,v)xo(tOv,| Tr), and y a nonzero linear functional, satisfying 
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(2.1). The composition T -- ~ o 2r defines a bilinear form T:  S(Y ~) L)  • V, --- 

C (Vo - -  the space of a), satisfying 

(2.2) T(tov,(g, 1)0, tr(g)~) - T(O, ~), O ~ S ( Y ~ L ) ,  ~ V,,, 

(2.3) T((.o~,(1, tl(v))O, ~) = ~u((v, lo))T(O, ~), v E L .  

We will show that the space of bilinear forms satisfying (2.2) and (2.3) is at 

most  one dimensional. Put yt0(t/(v)) = ~((v, 10)), then for ~ fixed, T defines a 
linear functional on the Jacquet module S ( Y  ~ L)u.~,,o. Let C = {(0; l )] l  E L } 
and r = {(y; l) ] 0 § y ~  Y, l~L} ,  then by [B.Z], we have the exact sequence 

O ~  S((.9)~ S (Y  G) L ) ~  S(C)--,O. 

Applying the Jacquet functor with respect to N and ~ ,  we get the 
exact sequence 

0 --,. SN.~,o(r ---, Ss.~,,o(Y ~ L) ~ Ss.~,,o(C) ---, O. 

Since N acts trivially on S(C), we have SN.~,,o(C ) = O. Thus we have 
an isomorphism 

SN.~,,o((9) =-" S~.~,z(Y~L). 

So we have to prove that the space ofbil inear forms T on S(6) • V, satisfying 
(2.2), (2.3) is at most one dimensional. Let r 1 6 2  be of the form 01 | 
where 0l E S ( Y  \ {0}) and 02 E S(L). We have for g E SL(2, F)  

tov,(g, 1)0 = P(g)01 ~ 69v,(g, 1)02 

where P(g)O1(Y)= 01(Yg) and 69 v, is the Weil representation attached to 
the pair (SL(2), SO(L)). We then may think of T as a bilinear form T' on 
S(Y \ {0}) • (S(L)| V,,) satisfying 

(2.2)' T'(p(g)O,, 69~(g, 1)02 ~ a(g) ~) = Tt(Ol, 02 ~ ~). 

Fix 02 and ~, then T'( . ,  02 @ ~) is an SL(2, F)-smooth  distribution on Y \ {0}, 
and hence, fixing an SL(2, F)-right invariant measure dy on Y \ {0}, there is a 
(unique) smooth function f~| on Y \ {0}, such that 

T'(Ol, 02 ~ ~) = f~or 

The condition (2.2)' translates into 

(2.4) fco,(g.,)~| = f~|162 g E SL(2, F). 
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Realizing Y \ {0} = U \ SL(2, F) by y = e+g, and replacing dy by an SL(2, F)- 
fight invafiant measure on U \ SL(2, F), we get 

T(r | 02, ~) = T'((h, 02 ~ ~) -- f f~|162 
d U\SL(2,F) 

= :vxstt2~ f~,tg, i)~| 

Define the following bilinear form on S(t~)X Vo. Let CES(~) and ~E Vo. 
Write 

d 

r = 2 r '~| r 
i - - I  

where OIo~S(Y\ {0}) and 0[oES(L), then define 

d 

r(#, ~) = Y, f~,,| 
i - - I  

Rewriting 
T(r ~) = A~_,,l',~,,~',,~(e+), 

we see that ~ is well defined and that ~(~, ~) depends on ~ and on the restriction 
ofr to Xo = {(e+, I) IIEL }. Thus 

T(~, ~) = f.\SLt2,F) 

By formula (1.2), we have 

w h e r e  

and hence 

,(co,(g, 1)r G(g)~)dg. 

Resxo co~(g, p/(v))O = Resxo ~ .  

#**(y; 1) = ~u((v, l))o~.(g, 1)~(y; 1) 

~(co,(g, ~(v))r a(g)r = ~ (~ , ,  o(g)O. 

Thus, using (2.3) 

T(~, {) -- 9/-~((v, lo))T(m~,(l, t/(v))~, {) 

= fv\su2:)~u-l((v, lo))Z(~.v, a(g)~)dg 

f v\sm.r) ~U-I((V, lo)) fR~,,oC~..| 

f. -' \SL(2,F) 
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This implies that 

and in particular 

f,r162174162 = g((v, lo))f~|162 

This implies that the distribution r162174162 is supported on l = l  o, 
and hence 

f~|162 ) = a( ~)r 

Since e+u = u for u E U, we have 

fco, t.,l~| e + ) = fr174162 ~ + ) 
and so 

a(a(u) ~)&~,(u, 1 )r = a(~)r 
Since 

&~(u(x), 1)r = ~]( - �89 10)x)r 

we find that a is a Whittaker functional for a, with respect to U and the 
character ~to,tov2. We proved 

f v  1)r lo)a(e(g)~)dg (2.5) T(r ~) = \su2,v) to~(g, 

and so T is uniquely determined up to a constant, and the proposition is 
proved, r-1 

As in Section 1, formula (2.5) implies 

THEOREM 2.2. Let n be an irreducible, admissible representation of  G, 
lying in the image of  the local theta-correspondence from SL(2, F), then 
satisfies the U-property. 

PROOF. The assumption on ~ means that there is an irreducible, admis- 

sible representation a of  SL(2, F), such that Homg-m.F)xo(OJ , | a,  ~) § 0. Let 
Tbe  a nonzero element of the last space, and let y be a linear functional on V~, 
satisfying (2.1) (for a given nonisotropic vector 10 in L). Let ~0 ~ V~, and assume 

= T(r ~), for r  and ~E  Vr then for d in Gf0, we have 

= = 

= T(co~(1, ~)r  ~) = T(r  ~)  = ?(v) .  
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We used the notation of the last proof and formula (2.5). [] 

w Explicit description of the local theta-correspondence 

In this section we summarize and recall from [S] the explicit construction of 
the local theta-correspondence from the dual of SL(2, F) to G. We keep the 
notation of Section 2, and we add the assumption that the Witt index of the 
quadratic form on X is a least two (so that (SL(2, F), G) is a dual pair in the 
stable range). 

Let tr be an irreducible, unitary representation of SL(2, F) (assumed to be 
genuine in case m is odd), then an irreducible, unitary representation of G, 
7t = O(a, u can be constructed explicitly, and rt corresponds to tr by Howe 

duality (i.e., Hom~-Lt2.F~x~(tO~,| 7t)§ 0). We explain the construction of 
O(a, ~u). Write 

L = F e 2 + E + F e _ 2  

where e_+2 are isotropic, (e2, e-2) = 1 and E is the orthogonal complement in L 
ofFe2 + Fe_2. Put X -+ = Fe+_~ + Fe+_2, then X -+ are two dimensional isotropic 
subspaces, which are in duality under ( , ), and 

(3.1) X =  X § + E + X - .  

(Note that our assumption m > 5 implies E ~ 0.) We identify X -+ -- F 2 using 
the bases {el, e2}, {e_:, e_ i}, and we write the elements of G according to the 
decomposition (3.1). Let Q' be the parabolic subgroup of G, which preserves 
X § then Q' has Levi decomposition 

a '  = (GL(2, F) .  SO(E)). Jr 

The Levi part is GL(2, F).  SO(E). We embed GL(2, F) in Q' by 

(rl w/ / ~ 0/ r ~ f =  I~ , r ~GL(2, F), w =  

w r  

and SO(E) is embedded by 

h ~ SO(E). 
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The unipotent radical ~ is isomorphic to the Heisenberg group corresponding 
to the symplectic space Y | E ~ E 2. The elements of a~e may be realized using 
the above identifications as (in: / 

q(u; z) = Ie 
15 

where 

u = (u2, u , )~E  2, 
u* = (U~**). 

U 

u*~E* sends e in E to - (e, u~). z EM(2, F) satisfies 

w'z + zw + w((u .  us))~,j<__2w = O. 

Consider E 2 as a symplectic space, with the symplectic form 

((us, u3 ,  (u~, uf l )  = (u,, u 9  - (u2, ufl.  

The Heisenberg group of the symplectic space E 2 is E 2 ~ F  (as a set) with 
multiplication law 

(u, t).(u',  t') = (u + u', t + t' + �89 u')). 

To see that gg is isomorphic to the Heisenberg group of E 2, consider the 
map B : acg ~ E 2 ~ F defined by 

B(r i (u;z ) )=(uw,  �89 lo)(ZW + �89 ui))~a__<2))" 

This is an isomorphism, and it commutes the action of SL(2, F).  SO(E) on a~ 
by conjugation with the natural fight action of SL(2, F).  SO(E) (as a subgroup 
of Sp(E 2) on the Heisenberg group of E2). Put 

a = GL(2, F).  ~ ,  D = SL(2, F).  H. 

Let p~, be the unique, irreducible representation of acg, which has central 
character ~,. (The center of ar consists of the elements q(0, z).) p~ can be 

- -  i ! extended to a representation of SL(2, F).o~f by ogv, p~,, where to~, is the 
(restriction to SL(2, F) of the) Weil representation corresponding to the dual 
pair (SL(2, F), SO(E)). The representation 0(a, ~,) constructed in [S] satisfies 

(3.2) ResQ 0(tr, ~) = Ind~ to~,p~ ~ tr. 
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By Mackey theory, this representation is irreducible, and uniquely determined 
by e. To obtain a realization of (3.2), we realize o9~, (the Weft representation 
corresponding to the pair (SL(2, F), G)), using a different polarization of 
Z = Y | X. This time we polarize 

Z = Z  + + Z -  
where 

Z +- = Y |  +- + Y+- |  

and realize r v, in L2(Z-), the subspace of smooth vectors being S(Z-).  We 
identify Z -  = M(2, F ) |  E. Let f 6  S (Z-)  and ~ 6 Ho (the Hilbert space of e). 
Define for b E Q, e 6 E, 

-- :SL(2d)O),(g, b ) f(w; e)e(g)~ dg. (3.3) I:,r 

Then the integral (3.3) converges absolutely. For b EQ, I:,r is an 
L2-function on E, with values in Ho. For t/E ~ and r ~ SL(2, F), we have 

Ii.r f(p~(rl)oY~(r , 1)@e(r))Ifd(b), b~Q.  

I/.r is an L2-function. More precisely, the function (on GL(2, F)) 

r~-* I e  II If, c(i)(e) lib, de 

is SL(2, F)-left invariant, and (the L 2- norm of If.r which equals) 

fsw.e,\ou2.e,L [I Im(i)(e) Ilbo de dr 

(3.4) 
= Is  (a(g)~, ~)(oJ~,(g, 1)f, f)dg. 

L(2,F) 

All last three integrals converge absolutely. Now, we may extend the action 
of Q on v ' (a ,~)=Span{I: . r  ~ H , , }  to an action of G on 

V'(a, ~,) by 

h . L,r = I~,o.h):.o h E G. 

By (3.4), we see that this action is well defined and unitary, and hence extends 
to the full space V'(e, u This realizes 0(a, ~). Note that T(f,  r = lid defines 
a nonzero element of Hom~-L(2.F)x~(O)~ ~ r ~, 0(e, V)). 

Let V(a,u162 This is an algebraically 
irreducible subspace of 0(e, V), and on it we can define a nonzero linear 
functional 7, satisfying (2.1) (for suitable 10). Assume that a has a Whittaker 
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model with respect to U and the character ~,a/2, where 2 E F*. Let a be a 
corresponding Whittaker functional on H : .  Define on V(tr, ~,) a linear 

functional 7a by 

f. 
= | Cor 1)f(w; O)a(a(g)~)dg. 

J s  L(2,F) 

Let la = �89 + e_2, then (l~, l;) = 2, and it is easy to check that 7a (is nonzero 
and) satisfies (2.1) with l0 = la. By Proposition 2.1 and Theorem 2.2 7~ is the 
unique, up to scalar multiples, linear functional on (the smooth vectors of) 
0(e, u satisfying (2.1), and it automatically satisfies 

REMARKS. (1) Recently Waldspurger has given a proof of the Howe duality 
conjecture [W], and hence 0(e, u described above is the theta-lift of e to G. 
See also [M.V.W] where a proof is given for unramified dual pairs. 

(2) An explicit description of the Howe lift in case of a general dual pair in 
the stable range has been obtained recently by Li [L]. It is similar to the 
description above. 

~4. Nondegenerate representations 

We keep the notation of Section 3. In this section we introduce nondegener- 
ate representations of G and describe some elementary properties of these rep- 
resentations. 

Let (Tr, H~) be an irreducible, unitary representation of G. H~ denotes a 
Hilbert space realization of the action of ~t. 

DEFIr~ITXON 4. I. n is called degenerate if the spectral measure of ResN rt 
is concentrated on characters of N of the form yt(r/(v)) -- u l)), where 
l E L  is isotropic. We call such characters degenerate. (Otherwise, we call ~t 
nondegenerate.) 

LEMMA 4.2. Assume that there is a nonzero linear functional 7 on 

H~ satisfying 

y(n(t/(v)) O = r lo))Y(O, ~ EH~ 

where (lo, lo) r O, then ~ is nondegenerate. 
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PROOF. Assume that rt is degenerate. Let ( E H : ,  and let f~ be a represent- 
ing function on L corresponding to the decomposition 

1-1. = fL a.,ldu(l) 

(N acts on H~,l according to q/t). Let 0 be in C~ (L), then 

f LCgv)n( (v)) f (l)dv = A(I). 

Hence if ~ is supported away from the isotropic vectors of L, then 

 l)fdl) = o 

for almost all I. Thus, for such ~ and ~ E H~, 

(4.1) f z r dv O. 

Applying ? to (4.1), we get 

0(10)~(~)  = 0 

for all r as above. This implies that 7(() = 0 for ( E H ~ ,  a contradiction. [] 

THEOREM 4.3. Let tt be an infinite dimensional, irreducible, unitary 
representation of  G. Assume that rt is nondegenerate, then in the spectral 
measure of  Resu rt, the measure of  the set of  degenerate characters of  N is zero. 

PROOF. The proof is essentially a repetition of the proof in the appendix in 
[PS]. We use the notation of Section 3. 

Since rt is infinite dimensional, the Howe-Moore theorem [HM] implies that 
n has no Z(ar ~) fixed vectors where Z(gg) is the center of ar which is 
isomorphic to the Heisenberg group of E 2. By Mackey theory, there is a unitary 
representation a of SL(2, F), such that 

Res e n = Ind~ ta~,pv, | a 

and o9(, | a factors to SL(2, F). Since D is normal in Q, 

ResN n = ResN Ind~ to~p~ ~ a 

f t .  ResN(to~,p~, @ a)td*t 

f t .  ResN(to~epr ~ at)d*t. 
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Here ( )t denotes conjugation by 

t IL t_~/  ; 

o t is o conjugated by (t 1) and r = r Thus we need to examine the 
spectral decomposition of representations of D which have a nontrivial central 
character, i.e., of the form a)~,p~,,| where g is as o above and ~,~ is a 
nontrivial character of F. Assume that SL(2, F) = SL(2, F), the metaplectic 
group, then g is a genuine representation of S'~2, F). Since Ind~ ~,Pv, |  
preserves direct integrals, then (decomposing o into a direct integral 
of irreducible (genuine) unitary representations), we may assume that 

is irreducible. Since ~ is genuine, it is infinite dimensional. We have the 
following lemma: 

LEMMA. Resu(o)~,, p~,, | g) has a spectral measure concentrated on nondege- 

nerate characters o f  N. 

Given this lemma, the theorem is proved in ease SL(2, F) = SL(2, F). Now 
assume that SL(2, F) = SL(2, F). Let us decompose o" = Ol (D o2 where al is a 
multiple of the trivial representation of SL(2, F) and o2 has no invariant 
vector, then 

(4.2) ResQ 7r ---- Ind~ a)~p~ | o, ~ Ind~ to~p~ | o2. 

Decomposing o2 into a direct integral of (infinite dimensional) irreducible, 
unitary representations of SL(2, F), it will be clear by the proof of the 
lemma that Resu Ind~ to(,p~, | o2 has spectral measure concentrated on non- 
degenerate characters of N. Thus, if ai = 0, we are done. Assume that a~ § 0, 
then it will be clear by the proof of the lemma that the spectral measure of 
Resu Ind~ to~p~ | al is concentrated on the set C of degenerate characters of 
N. Thus if P, denotes the projection valued measure on )V associated with 7t, 
then P,(C) is the projection on the first summand in (4.2), and hence P,(C) 

commutes with 7t(Q). The Levi subgroup M of P acts naturally on A~, and for 
m E M  and a Borel subset W C/V, one has 

P , ( m .  W) = 7r(m)P,(W)rc(m) -1 

(m--denotes the action of M on N). Since C is M-invariant we find that P~ (C) 
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commutes with 7t (M). Since G is generated by M and Q, P~ (C) commutes with 

it (G), and hence H~ -- P~ (C). This implies that it is degenerate, contrary to our 

assumption. Thus e, -- 0, and the theorem is proved. [] 

PROOF OF THE LEMMA. We use the notation of Section 3. An element of 

N can be written as 

~ 

for v =  xe2 + v' + te_2, where v ' ~ E ,  t, x E F  (recall that u(t) -- (~ 0)). Pv,, is 

realized in L2(E), so that for r  

ta~,p~,,(rl(V))C(e) = ~ l((v', e))vl(x)to(,,(u(t), 1)~(e) 

= ~/ l (x  - ( v ' ,  e )  - �89 e ) ) ~ e )  

= 

Thus the spectral measure of  ta~,p~, is 

l, = - ~(e, e)e2 - e + e_2, e E E .  We may 

e)e2 - e + e_2, v))C(e). 

concentrated on V~((', le)) where 

take the spectral measure to be the 

Haar measure de. (Note that (/e, le) = 0.) Since J is infinite dimensional, the 

spectral measure of  J as a representation of  SL(2, F) .  ~ is concentrated on 

characters of  the form yt(at) -= u ae2)), where a lies in a union of  cosets of  
F modulo (F*) 2. The measure may be taken to be the Haar measure d*a. Thus 
the spectral measure of  Resn(to~,~p~, |  is concentrated on characters of  the 

form u le,a)), where le,o -- (a - �89 e))e2 -- e + e-2, with measure ded*a. 
Since (l,~, le~) = 2a, then l,,o is isotropic if and only i fa  = 0. The set of  vectors 
l,,0 has measure zero. (Note that if  J is trivial then the spectral measure is 

concentrated on the characters VI((', l,)), which are all degenerate.) The 

lemma is proved. [] 

Let us identify N with L by Vt ~ l. Representatives of the orbits of  M in 2V 

can be chosen as follows: I = r/(0), r/(/0), r/(l~) . . . .  , r/(/r), where l0 is a nonzero 

isotropic vector and (/~, l~) = ~ ,  i = 1 , . . . ,  r such that ( ~ , . . . ,  ~r} is a set of  

representatives of (F*) 2 \ F * .  We choose 

/0 = e-2, 

li = e2 + ~ e _ 2 ,  i ~ 1 ,  . . . .  r. 

Now we can formulate 
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COROLLARY 4.4. Let ~ be as in Theorem 4.3, then there is a subset T(n) 
of  { 1 . . . . .  r}, and for each i in T(rt), there is a unitary representation zi of  
Or, such that 

(4.3) Rese rt -- ~) IndPo~N zi @ ~t,- 
iET(~) 

PROOF. 

(4.4) 

By Theorem 4.3, there is a subset T(rt) of {1 . . . . .  r} such that 

H~= ~) P~(M.I,). 
lET(x) 

M.l~ denotes the orbit of r/(l~) under M. Put H~ a = P~(M.li) then H~,i is a 
P-invariant subspace of H~, and the representation of P in H~.~ is supported on 
one orbit of characters of N. By Mackey theory, the representation of P in H~ s 
is of the form Indian z~ | ~/,, where z~ is a unitary representation of 01,. [] 

Before we continue our study of nondegenerate representations we need the 
following useful lemmas. 

Put 

n l  ~ ~ h 

y-1 

~ G  

a 0 ~ .q 

Y . ~ 1 7 6  

y-I 

E G  

(zeros elsewhere). 
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LEMMA 4.5. M = BlO[`, i ---- 0 . . . . .  r. (Of o denotes the stabilizer in N o f  

tl(lo) = ri(e_ 2). ) 

PROOF. Bl \ M  is isomorphic to the variety L0 of  isotropic lines in L by 

the map B : n  ~- .Fm- le 2. Of, acts on L0 from the fight by (Fe). h = F(h-re) .  

The orbits of  Of, in Lo correspond to the double cosets of  Bi X O[  ̀ in M. 

Consider the open dense subset 

{FI ELo [ (1, 6) * 0}. 

It is easy to see that this set forms one orbit in L0 under (9/,. Fe2 is a 

representative for this orbit and it corresponds to the double coset B~Of`. [] 

COROLLARY 4.6. M = BOO[,, i = 0 , . . . ,  r. 

PROOF. Since B~ = B0" SO(E) 

and SO(E)li = li, then M = B~Of` = Bo SO(E)Of` -- BoOr,. [] 

COROLLARY 4.7. M = BoOr for all l G L  outside a subset o f  codimension 
one in L.  (For I isotropic, Of denotes the stabilizer in M o f  q(l).) 

PROOF. Let l E L  be nonzero. If  there is b in B0 such that for some 
0 < i < r, bq(li)b- t = t/(l), then this claim follows from Corollary 4.6. Such b 

exists iff (l, e2)~ 0. Indeed, we may assume that (l, l ) =  (l~, l~) for some 

0 _-< i < r, and let us look for b as above of  the form (l) 
and so we must have 

This happens iff 

b'.li  =1, 

b' .  e2 = ye2 

b ' . z ~ z  + Fe2 

for some y ~ F * ,  

for all z E E. 
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(1i, e2) = y(l, e2) 
and 

(l, z) = a f t ,  e2) for some a , ~ F .  

Since (l;, e2) § 0 for 0 _-__ i < r, we must have (l, e2) ~ 0. This defines y and at. 
[] Now it is clear that M = BoOr i f f l  is in the set {IEL(I, e2) ~ 0}. 

LEMMA 4.8. Let {m~} be a sequence in M such that 

then i --j  and m~ 

m~q(l,)m;-' ~_~ tl(lj), 

, I (mod Q ) .  

i , j = l  . . . . .  r 

(xv ) 
m~ = h~ , 

Xv-- 1 

PROOF. Write 

x~ (li, 13 ~ (lj, lj), that is x~2, ~ 2j. This then x~hvl~ ~_~ lj and hence 2 

implies that i = j  and x 2 , 1. Indeed, let K' be large (such that 

2j-I ~ x ' =  ~ x ,  K >= 1), and 

x22, E)tj + ~ r , =  2j(1 + ~x).  

Since 1 + ~ x  C (F*) 2, we find that i - - j ,  and 2 ~ x .  xv E 1 + By Corollary 4.6 

we may assume that m~ = b~ E Bo. Write 

bv 

Xp 

Yv 

y -  

x (  ' 

then 

1 e* - � 8 9  

IE e~ 

1 

bvrl(l~)b;- 'rl( - 13 

= q ((xvy,(1-a~e3( ,, e ,))  - 1 )  e= +---~x"a'ev+~(x~yC-'-l,e_2). 
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Thus, we conclude that 

e~ , 0 ,  xvy~ -I , 1 and x~y~ , 1. 
V ~ 0 0  V ~ 0 0  I t s 0 0  

Assume for simplicity that F is of  odd residual characteristic. Let K be large 
and v such that x~ E 1 + ~x ,  then either xv E 1 + ~ x  or xv ~ - 1 + ~x .  This 
implies that respectively y, E 1 + ~ x  or y~ ~ - 1 + ~x .  Thus, modulo Or,, by is 
close to I. A similar argument holds if F of  even residual characteristic. [] 

We now get back to nondegenerate representations. Let rt be as in Theorem 

4.3, and recall the decompositions (4.3), (4.4). 

PROPOSITION 4.9. 

Also 

(4.5) 

PROOF. 

L.  Define f o r f E  V 

Let V be an N-invariant subspace o f  H~ , then 

i7= (3 CnH~,~. 

IZ O H~,~ = V n H~,~. 

Let 1 E L be nonisotropic and L~ a large compact open subgroup of 

__l L ft,Li /Z(Ll) , W-I((v,l))~Z(rl(v))f dr. 

Sincef i s  smooth, the integral reduces to a finite sum andft.r, E V. (/t(L~) is the 
measure ofLj.)  W r i t e f  = Zisrt~) rio, withflO ~ H~.~. Note tha t f l  ~ is a P smooth 
vector, i.e., a smooth function on P (see (4.3)). For 

m = X h x _ ~ )  , 

put 

X - l X t  f i t=  h . 

We have 
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f ~ L ( m ) =  1 f , .  lt(L,----~) , ~l-'(rl(v)) f(i)(rnrl(v)m-lm)dv 

I1(L~) , gFl(tl(v))~t'(mrl(v)m-l)dv f l~  

_ 1 f L  N- l ( (v ' l - -  rh -l . l i))dv.f")(m).  
/~(L,) , 

Here rh - ~. 1; = xh -~1~. Assume that 1 = rnF ~ �9 ljo, Jo = 1 , . . . ,  r, then taking L~ 
large enough (depending on l), we see using Lemma 4.8 (and its proof) that in 
order that the last integral be nonzero, we must have i = J0, and that in this case 
the integral defines the characteristic function of a small neighbourhood Ut.L, 
of rht in Ot \ M. Since ft.z, = Z ft~L, we get that 

(4.6) fl.~ = Zv,~," fl~o), where l ~ M./j0. 

This implies that )~v,,," fl~O ~ Vfor large compact open subgroups L~. From this 
we conclude that fl~O ~ I2 n H,,j o . This proves the first assertion. The second 
assertion is also an easy consequence of (4.6). [] 

Denote by C~(M, Ot,;H,,) the subspace of smooth functions in 
Indt~,~ z~ | which are compactly supported modulo Ot, N. (We consider 
their restriction to M; H~, is the Hilbert space of r~.) Let P~ denote the 
projection of H~ on H~,~. The proof of Proposition 4.9 shows that for i ~ T(rt) 

P,(H~) n C~(M, Ol, ; n~,) C H :  n H,,,,. (4.7) 

Put 
V~, = Span{ fli)(m) j f ~ H ~  , m ~ M )  

= S p a n {  fl~'(I) lf~H~ }, 

H~, = 12' 

This is an Ot,-invariant subspace of H,,. Since H~ _c_ t~)~ert~) Indoee S,,' | Oh,, 
and H~ is dense in H~, we find that H',, = H,,. Let us show that P~(H:) n 
C2(M, Or,; H,,) is quite large. 

LEMMA 4.10. C~(M, Ot,; V~) c P,(H~ ) A C~(M, Ot,; H,,). 

PROOF. Let ~06 V' then there i s f E H ~  such thatfl~ = ?-.0. Sincefl  ~ is a "fi ' 

smooth function, there is a small neighbourhood U of I in M, such that 
ft~)(hu) = ri(h)~o for all h in 01, and u ~ U. As in (4.6), Xo~ufloEP~(H~). From 
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this we conclude that given G0 ~ V~, and m0 ~ M, there is a small neighbourhood 
of m0, Uo, such that for every neighbourhood U of mo, contained in U0, there is 
r  such that ~ is supported in Or, U and ~(hu)= z~(h)~o for h EOt, 
and u ~ U. The lemma is now clear. [] 

w Representations with the U-property 

We keep the notation of the previous section. In this section we characterize 
representations of G satisfying the U property as those which are 0-lifts from 

SL(2, F). 
Let 7t be an irreducible, unitary, infinite dimensional representation of G. 

LEMMA 5.1. I f  zt satisfies the U-property, then 

Resv x = ~) Indt~N ri ~ ~t, 
lET(x) 

and Res~ ~ is a multiple of  the trivial representation of  O[, . 

PROOF. Note first that, by Lemma 4.2, rt is nondegenerate. (We assume of 
course that functionals satisfying (2.1) exist for it.) Thus we have the decom- 
position (4.3). Define for f ~ H ~  and i ~ T(n) 

~i ( f )  = fti)(i ) 

(r io is a smooth function on P). ~ is a linear map from H :  to H,, satisfying 

~'(n(rl(v)) f )  ffi ~ut,(rl(V))~i(f). 

Let y;be a linear functional on V',, then 7; = Y[ ~ ~ is a linear functional on H~ 
satisfying 

~,;(n(r/(v))f) = ~ul,(r/(v))~,;(f). 

Since rt satisfies the U-property, 

7~(rt(J)f) = 7 ' ( f )  V J E  O/,. 
That is 

7;(r,(a)(./~o(I))) = ),;(fro(I)) 

for all J E Of, and all linear functionals 7[ on V~',. This implies 

Z i ( ( ~ ) ( f ( i ) ( I ) )  = fli)(I) V J ~ Ot~,. 

Thus Res~ 3; is trivial on V', and hence trivial on 1/", = HT,. [] 
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The next lemma will be needed in Section 6. 

LFMMA 5.2. Assume that rt does not satisfy the U-property, then there is a 
nonzero fo E H~ such that 

7(A) = 0, 

for any linear functional 7 on H~ satisfying 

7(zt(&l(v))f) = q/~(q(v))Y(f), v~L ,  g~ Of  o. 

Here l o lL  is nonisotropic. 

PROOF. Let Y0 be a linear functional on H7 violating the U-property. We 
may assume that there is Jo, 1 < Jo < r such that 

yoOZ(r/(v))f) = q/bo(q(v))Yo(f) 

but there are ~'~0~o a n d f ' ~ H ~  such that 

yo(rt(5') f ' )  * 7o(f'). 

(The existence of 70 implies by Lemma 4.2 that n is nondegenerate.) Define 

on V' % 
~'o(f~176 = Yo(f), f ~  H~. 

This is a good definition. If f(Jo)(I)= 0, then f(JO(m)= 0 for m in a 
small neighbourhood Ujo of  I in O~o\M, and hence Xv,0ff0)=0. We 
may assume that Ujo = U~,o,L , for a large enough compact open subgroup 
L~ c L. By (4.6), we have 

and hence 

~o.L, = Zu,j:,f(J~ = 0 

Thus Yo is a linear functional on V',o for which 

%tTjota)r162 a o o. 
Hence the subspace V'~jo= Span{Tjo(~)r r [ c E  l / ; ,o ,~Of ,  o} is a nonzero 
(Ot~o-invariant) subspace of V~'jo. Letfo be any element of C~ (M, Oljo; V';,o). By 
Lemma 4.10 and (4.7) fo~H~ ~ N H~jo. Let ? be a linear functional as in the 
statement of the lemma. Assume that 1o = mo. 1~o, (1 < io ~ r). Define 

Yo(f) = 70 ~lTo l (~(~))~(~(v)) f d = 7o(fbo.g,)= O. 
I 
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where if 

?,no(f) = 7(rr(mo)f) 

m 0 x0 h0 .~0_.. 1) , 

then 

rho=( x~ ho xo)" 
We have 

~'mo(Tt(t/(v))f) = g(x~-'(hov, lo))~'mo( f )  = Yt, o(tl(v))?~( f).  

As above, we may factor ~'mo through ~o0, 

?,no(f) = ~ ( f " d ( I ) )  

and so 

7( f )  = ymo(rt(ffto-')f) = ~mo(fl;d(mo ')). 

Ifjo § then since fo~HF n H~j o, we get that fg0 = 0 and hence ~'(fo) = 0. 
Assume that Jo =/o. Note that 

?mo(~r(J)f) = ?too(f), JEOf, o" 

Since fg~(r~- ') -- fo(r~o- ') ~ V'~,o, we get that 7(fo) = 0. [] 

We are now ready to prove the main theorems of this section. 

THEOREM 5.3. Let (n, H,) be an irreducible, unitary, infinite d/mensional 
representation of G, with U-property. Then ResQ tt is irreducible. 

PROOF. Let H be a nonzero (closed) Q-invariant subspace of H~. Denote 
by V the subspace of Q-smooth vectors of  H. Let f be in V. Write f =  
Z ~ r ~  f o  in the decomposition (4.4). By Corollary 4.6, O?, B0 is an open dense 
subset of M. Thus (a representing function for)f lo  is determined by its 
restriction to O?, Bo (its complement in M has measure zero). Since Bo C Q, we 
find thatf l  o is Bo-smooth, and by Lemma 5.1,ri~ is Of,-left invariant. Thusfl  o 
is a locally constant function in H,.~. Thus P~(V) consists of locally constant 
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functions. It is easy to see that Proposition 4.9 still holds for N-invariant, 
N-smooth subspaces V, such that P;(V) consists of locally constant functions, 
for i E T(~). Thus 

: '= (~ :'nn.,~= ~ vnn.,,. 
iET(x) iET(z) 

Let i be such that V (1 H~,~ § 0, and define 

Wi = Span(f~~ [ f l~  V (~ H~,i, m E M } .  

o) m This is an Ol,-invariant subspace of liT,, since z~(h)(f ( ) )  = f(i)(hm). Denote 
the representation of Or, in W~ by ai, then clearly 

I;" M H,,i c_ Indg,,N ai | Vl,. 

Let US show.equality of the last two spaces. Let (,o~ IV,. and mo~M, such that 
M=(m~-~O~mo)Bo. By Corollary 4.7, it is enough to consider such mo. 

We claim that there is f E  V M H,.~ such that f (mo)= (,o. Indeed, there are 
~oE V N H,.~ and m l E M ,  such that ~(ml) = ~o. Let JEO~ and bEBo, be such 

that mo ~m~ is close to mo ~Jmob, and 

~O( momd- lm3 = ~( momd- t Jmob ). 

Then 

~o = ~o(ml) = ~O(momo ~ml) = (a(momo IJmob ) = ~(Jmob) = (Prop. 4.9) 

= ~(mob) = (zr(b)~0)(mo). 

Since Bo C Q N P, ~r(b)~0 E V N H,.~. Take then f =  ~(b)~o. As in (4.7) and 
Lemma 4.10, we conclude that 

C~~ 0~,; Wi) c V r3 H,.~ 

and hence 

Indg,,s a~ | Vt, _ I?N H~.i. 

Thus we proved that 

In particular I?is P-invariant. Since P and Q generate G, ITis G-invariant, and 

hence I 7 = H~. This proves the theorem. El 

THEOREM 5.4. Let (Trl, H~,), (tr2, H~) be two irreducible, unitary, infinite 
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dimensional representations o f  G, with U-property. I f  Res e lt~ ~ Res e 1t2, then 
It  I -.~ 7t 2. 

PROOF. Let a : H ~ , ~ H ,  2 be a Q-isomorphism. We claim that T(Ttl)= 
TOte) and that for i E TOt,), a(H~,,3 = Hx~.;. Indeed, let i ~ T0tl) and l in the 
orbit of/,. (under M). L e t f ~ H ~ ,  and L1 C L a large compact open subgroup of 
L.  Since N C Q, we have 

a(fl,r.,) = a(f)l,L,. 

Now (4.6), (4.7) and Lemma 4.10 show that a sends Cy (M, O~,, V~',,) into H,~,;. 
(H,,,; = Ind~,,~ z~,; | ~'t,.) Thus a(H~,,3 C_ H,,,~. Similarly a -I(Hx,,3 _ H~,,~. 

Let f E H : ,  and i E T 0 t , ) =  TOt2). As in the beginning of the proof 
of  Theorem 5.3, we conclude that a ( f  r is a locally constant function in 
H,,,~. Define then 

by 

T~( f )  = a( f(~ 

We have 

TiOtl(tl(v)) f )  = a((ltl(tl(v)) f) t~ = a(Tt,(tl(v)) f(;))(I) 

= 7t2(tl(v))a(fti))(I) = a(fti))(tl(v)) = Vl,(v)T;(f). 

Composing T~ with any linear functional on Hx~,~, and using the U-property of 
it,, we find that 

T,.(Tt,(g)f) = T~(f), V6~O[ , .  

That is 

a(Tt,(a) f t~ = a( f(;9(I) = a( fti~)(t~), g g (7- 0[,. 

Since a commutes with Q and M = Of, B0, we conclude that 

a(lt,(m) f l~ = a(f l~}(m) = ~t2(m)a(f~iJ)(I), V m E M .  

This implies that Resn,,., a commutes with M for i E T(x~), and hence a 
commutes with M. Since Q and M generate G, a is a G-isomorphism. The 
theorem is proved. [] 

THEOR~.M 5.5. Let (rt, Hx) be an irreducible, unitary, infinite dimensional 
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representation of G with U-property, then there is an irreducible, unitary 
representation a of  SL(2, F) such that n = O(a, gt). 

PROOF. As in the beginning of the proof  of Theorem 4.3, there is a unitary 
representation a of SL(2, F)  such that 

Res e n = Ind~ to~p~' ~ a. 

By Theorem 5.3, ResQ n is irreducible, and so a is irreducible. By (3.2) we have 

Res e n = ResQ 0(a, g). 

By Theorem 2.2, 0(a, g)  satisfies the U-property, and hence by Theorem 5.4, 

n ~ 0(a, ~u). [] 

COROLLARY 5.6. Let n be as in Theorem 5.5, then the space of  linear 
functionals on HF satisfying (2. l) is at most one dimensional. 

PROOF. Follows from Theorem 5.5 and Proposition 2.1. [] 

~6. Special representations of rank one orthogonal groups 

We use the notation of Section 1. We state our main theorem, which is the 

converse to Theorem 1.2. 

THEOREM. Special representations of G(A) are obtained via the theta- 
correspondence from SL(2, A). 

We first outline the proof  and then give the details. 
Note that since we assume that d im X >_- 5, then G~ = G(kv) is of  rank at least 

two for almost all finite primes v (and if d im X > 7, then G~ is of  rank two for 
all finite primes v). Hence the results of  Sections 2-5 are valid for such Gv. Let 
n be an irreducible, cuspidal, automorphic representation of  G(A), and assume 
that n is special. We first note 

LEMMA 6.1. n~ satisfies the U-property for all finite primes v, with 
rank(G~) >_- 2. 

Thus, by Theorem 5.5, for all such v, there is an irreducible, unitary 
representation av of  SL(2, k~), such that rt~ = 0(try, Yv) (gt is a fixed nontrivial 
character of k \ A). At this point we treat the case m -- 5 separately. 

PROOF OF THE THEOREM FOR THE CASE m ~ 5. L e t  IELk be n o n z e r o  
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and such that ~t~0 for ~ETt, and hence ~t(Jg)=~t(g) for JEOf(A). 
This implies that 

:~(k)~tk)\~(A)StA) ~l- l( ( V, l) )q~( rl( v )~g )dv dt~O, 

By Proposition 2.1 in [PS.S], it follows that the theta-lift of it (with respect to 
~) to Sp(4, A) is nontrivial. If n does not lie in the image of theta-correspon- 
dence from SL(2, A), then the theta-lift of it to Sp(4, A) is cuspidaI, and in this 
case, we may apply the main result of [PS.S] and obtain that there is an 
irreducible, automorphic, cuspidal representation rt' of SO(3, 2; A), which has 
a standard Whittaker model, and is locally equivalent to 7t at all places where G 
splits and 7t is unramified. For such a place v, we get that 7tv: O(av, ~u~) has a 
standard Whittaker model, which is impossible. Thus 7t is lifted (via theta) 
from SL(2, A). [] 

From now on, we assume that rn > 6. 
Next, we introduce certain Rankin-Selberg integrals for each nonzero 

l ~ Lk. Let l ELk be nonzero. Denote by Ht the stabilizer of l in G. If we denote 
by Xi the orthogonal complement of I in X, then Ht = SO(Xt). Hi is clearly a 
rank one orthogonal group defined over k. Let Pt =MtNt be the parabolic 
subgroup of lit, stabilizing the line through el. 

M t = ( C  h x - ' )~Glh l= l }~GL(1 )XO? '  

N, = {,l(v) I (v, t) = 0}. 

In [R1], chapter 1, Rallis introduces a special Eisenstein series Et(f~, h) on 
T - -  : H  I(A)  HI(A) corresponding to the representation tnO.p,(A ) fls, where 

x h )--IxV 
X - I  

(unitary induction), 

where hi -- I. Thus a function f~ in Ind p, satisfies 
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The Eisenstein series 

E t ( f .  h) = Y~ f~(~,h) 
?EPt(k)\Hl(k) 

converges absolutely for Re(s) > ( m  - 3)/2, and continues to a meromorphic 
function on the complex plane. It has a simple pole at s = (m - 3)/2, with 
constant residue, f~ is a certain special section which satisfies the following: 
assume that f~ = ~ f~,v, f~,v being unramified for almost all v (belonging to 
l --n,(k ) . nop,(k,)/~s,,), then for f~,, unramified, one has 

f~,,(/) = L,(1,s + m  2 - 3 )  = ( 1 -  qv-S-(m-3)/2)- 1" 

Also Lv(1, s + (m - 3)/2)-~f.v is holomorphic for all v. 
Consider the following Rankin-Selberg integral (for an irreducible, auto- 

morphic, cuspidal representation rt' of G(A), 

It(~, f~) - -  :H,(k)XH,(A) ~(h)E(f~, h)dh, ~ Ert'. 

This is of course a meromorphic function, with poles contained in those of 
E(f ,h ) .  

LF-MMA 6.2. rt' lifts via the theta-correspondence to SL(2, A) iff there is 
0 § lo~Lk such that I1o(~0, f~) has a simplepole at s = (rn - 3)/2. 

Hence in order to achieve the proof of  the theorem, we will show that for our 
special representation rt there is a nonzero lo~Lk such that, on rt, I~ has a 
simple pole at s -- (m - 3)/2. Choose any nonzero 10 ~ Lk such that the Fourier 
coefficient ~oto(g) is nontrivial on it. 

L~-MMA 6.3. Let ~ be a cusp form in rt, then (for Re(s) large) 

f~) = f ~to(h)f~(h)dh 
J ~  o(A)lVto(A)\Hto(A) 

(assuming that the measure of O~ (k ) \ O k (A) is one). 

Let flo be the set of archimedean primes, and those primes where G remains 
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a rank one group, then for v~ fl0, n~ = O(a~, ~), and by Corollary 5.6, n~ has a 
unique (up to scalar multiples) linear functional ?., satisfying 

~(n~(r/(u))~) = ~((u,  10))7~(~), ~ e n ~ .  

Thus there is a unique fight invariant subspace Wv,.(n,, lo) of the space of 
smooth functions w(g) on G., satisfying w(rl(u)g) = q/.((v, lo))w(g), where ny 
is realized by right translations. Assume that ~o corresponds to a decomposable 
vector ~ . ,  and for v~ fl0, let w~ be the function in W~,.(n., lo) corresponding 
to ~,  then clearly 

II =  ,to(g,O 

and so, for Re(s) large ( andf  = ~)f,.), 

where 

t "  
f )  = I~to(~O, f )  II l w~.(h)f,.(h)dh 

vq~flo d O~to(k~)Nto(k~)\Hto(Iq,) 

( .  

It~lo(~O, f~) = J ~o(A~o)N~o(A~o)\n,o(~o ) ~Oto(gr~)f~(gt-~)dga,. 

Let f~ be a finite set of places containing f~0, outside of which, ~ ,  ~,o,f,o and (. 
are unramified. For a finite place vo in ~, we may choosef,~ and (~ such that 

(Indeed, fix ~. for v § Vo and denote by ~ the cusp form corresponding to 
~ . .  We may choose ~ such that 

vanishes outside a small neighbourhood of 1 i n / ~  (independently ofga-r 
and, in this neighbourhood, we have 

For this choose ~ and take 
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~vo = q~o ndimL : L  ~//v~ I((U' lo))~v~ ~~ 
(~")  

with n large enough (depending on (~o only). Now choose f,~o such that 
~,~o(I) = 1 and so that its support lies in Pto(k~o)U~o, where U~ o is a small 
neighbourhood of I in H~o(k~0), which fixes (~o. With this choice, we can have 
the desired equality up to a constant.) For v~ t2, let (o be the unramified vector 
with wr (I) = 1, and f~,v be unramified with 

= (i, s + m -3) 
2 

then we may choose data at f2 so that (for Re(s) large) 

f,) = f,) II [ "  Ilo(V, w:(h ) ~ v  (h )dh 
vqiF~ d O~o(kv)Nio(kv)\Hto(kv) 

where f ~  denotes the set of archimedean primes of k. As in the proof of 
Theorem 2.1 in [PS.R], given so,C,  it is possible to choose data at fl~ so 
that In~.to(r is holomorphic and nonzero in a neighbourhood of So. 
(The criterion of [R.S] applies to show that In~.to(~0, f~) admits meromorphic 
continuation to C.) We proved 

PROPOSITION 6.4. Let f~ be a fni te  set of  places containing ~o, outside of  
which u ~UV, o and no are unramified. For vq~ f~, let ~o be the unramified vector 
with wr = 1, and f~,, the unramified vector with 

f~ '~( I )=L ' (  l ' s + m  2-3)" 

Then given So E C, it is possible to choose the data (~, f , f for v~ f~ so that for (o in 
rt corresponding to (~ (v and f = ~ f,,v, 

I to(~,f)=I~(s) I'I f wr 
v~fl OCto(k~)Nto(k,)\Hto(~) 

for Re(s) large and I| is a meromorphic function which is holomorphic and 
nonzero in a neighbourhood of So. 

For this data, we will compute Ito(~, f )  and show that it has a pole at 
s = (m - 3)/2. This we will do by computing the local "unramified" integral 
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(x 
=L~ 1,s + 2 .~ x_ l )  Ix Is-(m-s)/2d*x 

(by Iwasawa decomposition). 

In the computation we will use the fact that rtv = 0(try, V~), and hence the space 

Wv, Ot,,, 1o) is described by (2.5). The final computation will show 

LEMMA 6.5. With data as in Proposition 6.4 

m-S) 
F(o, s) 

where F(o, s) is a meromorphic function, which is nonzero at s = (m - 3)/2. 

This will finish the proof of the theorem. Now to the details. 

PROOF OF LEMMA 6.1. Let v0 be a finite prime, such that rank(G~) > 2 and 

lt~ o does not satisfy the U- property, then there is a vector G0 E H~. ~ as in Lcmma 

5.2. Choose nonzero (rE H~. for all v, such that (~0 -- G0 and (v is unramified for 
almost all v. Let ~ be the cusp form in n corresponding to ~) (~. Since it is 
special, we have for 0 ~ 1 ELk 

~o1(6g) = ~t(g) VJ  ~ Of(A). 

The property of Go implies that 

~t(p) = 0 VpEPA, VIELk. 

Since ~(g) -- ZI~L, q~t(g), We see that ~ [ PA = O. This implies that ~ -- 0 since 
Pk \ PA is dense in G k \ GA, a contradiction. [] 

PROOF OF LEMMA 6.2. Taking the residue at s = (m - 3)/2, we see that 
llo(q, f,) has a pole at s ffi (m - 3)/2 if and only if 

fn, t~(h)dh~O (~ E n'). 
o(k)\Hto(A) 

Assume that this condition holds for some nonzero lo ELk. Let 2 ffi (10, 10) then 

we claim that 
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L L.,o. :) 
and hence it' lifts to SL(2, A). Indeed, the last integral equals (using the 
standard polarization) 

LXA ~'-' (~ t)fO,,O, x~X~ tow(l' g)~(X)u x)t)~o(g)dg dt 

= L , , ~ .  x~x~ tow(l'g)~x)'(g)dg 
(x,x)-~ 

= ~ Y. tow(l, vg)alo)~(g)dg 
dak \GA ~Hio(k)\Gk 

= __fH, otk)X~A tow(l' g)r176 

= f .lo~.,\GA to.( l' g)C(l~ ( f .,o~k,\.,o~., ~(hg)dh) dg" 

It is easily seen that this integral is not identically zero. Conversely, assume 
that 7t' lifts to SL(2, A), then there is a nonzero 2 in k such that 

The computation above shows that 

f n~#)Xn, otA) (a(h )dh~O for lo~Lk 

such that (lo, 10) = ;~. (Note that X must be of this form.) [] 

PROOF OF LEMMA 6.3. (Expansion of l~(~o, f~).) For Re(s) large enough, 
we have 

where 

#(h) = [ ~o(nh)dn. 
tiN1 o(k)\N~o(A) 

For g ~ GA, the function ~O~ is a function on NkN~(A)\NA ~ k \A. We 
have the expansion 
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where 

gO(g) = ~ r 
tEk* 

~O,t(g) = f k\A g/-l(tX)r176 (~l ( ~  lo) g) dx 

= fL~XL, g/- ~(t(v, lo))~(~l(v)g)dv 

= ~ a o ( g )  

(go,o -- 0 since r is a cusp form). Thus 

/~) = I 
J M, o(k)N~o(A)\H~o(A) t~k* 

q~ao(h ) fs(h )dh 

= fO[Io(A)NIo(A)\HIe(A ) ~lo (h) fs (h)dh. 

We used the fact that zt is special and hence ~to($g) = ~lo(g) for t~ E Of o (A). Also 
we assume that the measure of Of 0 ( k ) \  Of o (A) is one. [] 

PROOF OF LEMMA 6.5. We have to compute I~ We know that ztv = 
0(av, g/v) for an irreducible unitary representation try of SL(2, F), which has a 
Whittaker model l~.(av, �89 lo)) with respect to 

.:(,. o) 

and the character ~lo'10/2. Formula (2.5) describes W~,,(Trv, 1o) in terms of this 
Whittaker model of av. In particular wr is obtained as follows: let ~o be the 
characteristic function of the standard lattice in Yk.~ Lk. (notation of Section 
2), and ~~ is the normalized unramified function in I~,,(av, �89 1o)), then 

we(h) = fu,\s~2,~)oJ~,(g, h)#~ lo)~,~2(g)dg. 

By the Iwasawa decomposition (and the formulas for t%,), 
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L o) ) o) 
, r  t -  l = lo)Wil~lo)/2 It 12d*t we(h )  to~,~ t - l  h o . -o 

fk.,,* -m+2 ~- Xw~(t  ) ( (  - -  1)[m/2]dv,  t)~l t I-(m-2)/2tO~,,(1, h)r176 t-tlo) 

• wtl~t~ t -  ~ I t 12d*t. 

Here d~ is the discriminant of the quadratic form on Xk,, ( , )~ is the Hilbert 
symbol on k* and X~,~ is the character of/~* appearing in the formulas for to~,. 
In particular 

x x/ 
= ]x l Z~,,(t-m)zd~(t)ltlt6-m)/20~ t-llo)~t~ t -~ d*t. 

We abbreviated (( - 1)tm/21d~, t)~ = Zd~(t). Write ~~ blo) = ~~ b) 
where ~0 is the characteristic function of the standard lattice in k 2. Thus 
(for Re(s) large) 

m - 3) 
I ~  l ' s  + 2 

�9 fk,.xk~ Z~,,(t -m)xd,(t)~O(tx, t-~) 

~o ( ;  O)  (6_m)/2 i "Wile.lo)12 t -  ~ Itl x l ' - t m - m d * t d * x .  

Changing t t o  t -  I and noting that 

o) (; 0) ~0 0 
Wil~176 = W-(l~176 t -  

where w~ is the normalized unramified function in the Whittaker model 
of e~ with respect to (~ ~) and the character u we get (for Re(s) large) 



312 I . I .  PIATETSKI-SHAPIRO AND D. SOUDRY Isr. J. Math. 

~(s)  ---- L~ (1, s + " ~ - - - )  ~x ,  _< .t, .< ~ m  -- 3 X~.(t -m)za.( t ) l t  I (~ -6~2 

X ~ (/~toy2 (to O)lxls-tm-sY2d*(t,x)t - 

= L~(1, s + m-3)L~(1,s2 m--5")~ltl<lX~'(t-m)xd'(t)2 " 

X ~ (~ 0 )  IS-tad*t w_(~2  t -  ~ I t . 

Denote the last integral by ~(s) .  We compute it explicitly. 
Case I (m even). In this case let w0 be the normalized unramified 

Whittaker function on GL(2, kv), extending w~ for the representation 
n '  = Ind,. u(2,k,),8.| 1, where B. is the standard Borel subgroup of GL(2, k,) 
and ,8. is an unramified character of k*, such that a. = IndS~U2A)#., where 
B~ = By N SL(2, k.) and/z. = ,8 2. Then we have 

J~ f i,M< Wo(t2 0 0l) ltl(S+u2)-~Xd.(t)d*t. 

This integral is computed in [G.J], 

j o ( s  ) = X s + �89 
Lv(1, 2s + 1)L(xa., s + �89 

= L(Xa,, s + �89 Xa,, s + �89 ~Xa., s + �89 

L.(1, 2s + 1) 

Note that since try is unitary, generic and unramified, then I/~(t)l = I tl a, 
with l a~l < 1 .  

Case H (m odd). In this case 

J~ = f ltl<l X~,(t)Xa,(t)[ t lS-l/2w~ (O tOl) 

Assume that try corresponds to the unramified character/~ of/~*, so that try is 
contained in Ind,. ms~.)/~v. If a~ is an even Weil representation (corresponding to 
~ f  (I~0) then 

J~ = f Xd.t~)(t)lt I'd*t -- L,(Xd.(~), s). 
JI t l< l  
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Otherwise, a, lifts to an infinite dimensional representation of  PGL(2, k~), 
via the theta-correspondence with respect to ~/~-~tr Denote the resulting 
representation of  PGL(2,/~) by z,, then from Proposition 2.1 in [G.PS] we 
conclude that 

jO(s ) = L ( z . |  Zd,<~lo), S + �89 

L(Xd.(t~to), S + 1) 

In this case z. is o f  the form Ina6m,k, ) ,, :~ ,.-~ where/~,  is an unramif ied 

character of ~, and our assumptions on ~ imply that [~(t)[ = [t [~,, with 

I av I < �89 In this case 

jO( s  ) = L(uvXd, ct~), s + �89  s + �89 
L(xa,r s + 1) 

Finally, we have 

:. 5) 

where 

F ( a , s )  = H J~ 
vq~ 

By our estimates on the exponents av, we see that F(tL s) converges absolutely 
for Re(s) > �89 when m is even, and for Re(s) > 1 when m is odd. We see that 
s ---- (m -- 3)/2 lies in this domain for m > 6. This proves the lemma. [] 
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