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ABSTRACT _

We study the image of the theta correspondence from SL(2) to a rank one
orthogonal group (over a number field). The image consists of cusp forms, the
Fourier coefficients of which satisfy a certain invariance property. We show
that this property characterizes the image. The proof requires first an analo-
gous local statement (almost everywhere) and then a use of certain Rankin-
Selberg integrals.

Introduction

Let k be a number field and X a vector space over k equipped with a
nondegenerate symmetric bilinear form ( , )defined over k, with Witt index
one. Assume that m = dim X = 5, and put G = SO(X), the special orthogonal
group of (X,( , )). In this paper we characterize the image of the theta
correspondence from S_L(Z, A) (the metaplectic group in case m is odd, and
SL(2, A) in case m is even), to G(A). (A is the ring of adeles of k.) The
characterization is in terms of a certain property of the Fourier coefficients of
cusp forms on G(A). We call such cusp forms special. To explain this term, we
introduce some notation. Note that G is a group of rank one over k. Write

(1) Xk=ke1+Lk+ke-|

where ¢,, e_, are isotropic vectors, (¢;,,e_;)=1 and L, is the orthogonal
complement of ke, + ke_,. We write the elements of G according to (1).
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Denote by P the parabolic subgroup of G, which preserves ke,. (We assume a
left action of G on X.) The elements of the unipotent radical N, have the form

1 v* —Xuv)
n) = I v
1

where vEHom(ke_,, L,) = L, and v* is the linear functional on L, which
sends /€L, to — (v, ).
Let ¢ be a cusp form on G(A), then it has a Fourier expansion
ph)= X k)

OIEL,
where

oi(h) = f v Do),

v is a fixed nontrivial character of k\ A. Denote for 0 # /€L, by O, the
stabilizer of (/) in M, the Levi part of P. The elements of O, have the form

&
h
8~l

where ¢ = + 1 and AE€SO(L) satisfies 4 -/ =¢l. (Note that (/,/) #0, and
hence O, is the orthogonal group of the nondegenerate space (/)X NL.)
We clearly have

0i(0h) = o(h), VO EO(k).

Denote by Of the connected component of O;. We say that the cusp form p(h)
is special if for any 0 # [EL,

¢i(0h) = p(h),  VIEO[(A).

An irreducible, automorphic, cuspidal representation n of G(A) is called
special if all its cusp forms are special. It is straightforward to see that a
representation 7z which lies in the image of the theta correspondence from
SL(2, A) is special. This is shown in Section 1. The main theorem of this paper
is that the converse holds. For that we introduce local analogues of special
representations. Such representations satisfy a certain “U-property”: Let &, be
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an irreducible admissible representation of G, = G(k,), we say that n, satisfies
the U-property if for every nonisotropic / € L, and any linear functional y on
V., (the space of ), satisfying

yEm@) )=y, D), V{EV,, Vu€lL,

7 also satisfies

Y(m(@))=r({) VIEODf

(Of is defined similarly over k,). In Sections 2 and 5 we prove the analogous
local theorem for unitary representations with U-property. We prove this
under the assumption that vis finite and that the rank of G, is at least two. Note
that since dim L = 3, then G, is of rank at least two for almost all places v. In
Section 2 we prove that a representation of G,, obtained by the local theta
correspondence from SL(2, k,), satisfies the U-property. The proof is a local
analogue of the proof given in Section 1. In Section 5, after some preparation,
we prove the converse. We show that an irreducible unitary representation
with U-property restricts on a certain subgroup Q to an irreducible represen-
tation (Theorem 5.3). Next we prove (Theorem 5.4) that two irreducible
unitary representations with U-property, having the same restriction on Q, are
isomorphic. This together with an explicit description of the local theta
correspondence from SL(2, k,) [S], implies the (local) theorem.

To obtain the global theorem, we introduce certain Rankin-Selberg integrals

Iu(s) = f o(WE(S, h)dh, pEn.
H(k)\H(A)

H is the stabilizer in G of a nonzero element of L,. E( f;, h) is a certain special
Eisenstein series on H. It turns out that I;(s) has a (simple) pole at s =
(m — 3)/2 (for some H) if and only if = lifts to S—L(Z, A). On the other hand the
integral I,(s) is (essentially) Eulerian, and can be computed explicitly, since
for almost all v, m, has the U-property and hence is obtained (by the theta-
correspondence) from a (unitary) representation of —Sf(2, k,). The
computation shows that 7,,(s) has a pole at s = (m — 3)/2 (for appropriate H).
We remark that I;(s) yields the standard L-function for n, provided E( £, &)
is properly normalized. However, I,(s) generally vanishes identically
except for a small class of cuspidal representations (which include special
representations).

It is not hard to see that with slight modifications our proof gives the
similarly theorem for the case where the Witt index of X is two. (Here a cusp
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form ¢ is special if g, is Of(A) left-invariant, whenever [ € L, is nonisotropic.)
This case was studied by Piatetski-Shapiro [PS] for the group PGSp(4) =
SO(3, 2). Our terminology is borrowed from this work. The local theorems
presented here generalize those in [PS]. The idea is to focus attention on the
subgroup Q, and then the proofs become essentially the same. We present the
proofs in a slightly different style, adapted to Mackey theory. The global
integral I (s) was introduced in order to overcome the fact that G may remain
a rank one group in a finite number of places.

This paper was written during the special year in automorphic forms and
L-functions, which took place at the Institute for Advanced Studies at the
Hebrew University, Jerusalem in 1987/1988. We thank the Institute for its
hospitality.

§1. Theta-lifts from SL(2, A) to G(A) are special

Let o be an irreducible, automorphic, cuspidal representation of ﬁ,(Z, A).
Fix a nontrivial character y of k \ A, and denote by 6(g, ) the theta-lift of o to
G(A). In this section we show that (o, v) is special. We employ the nota-
tion already established in the introduction. Let Y be the two dimensional
symplectic space defined over k, with symplectic form ( , ). We let SL(2)
act on Y from the right. The reductive dual pair (SL(2), G) is embedded inside
Sp(Z), Z = Y ® X (with symplecticform ( , )®( , )).Letw,be the Weil
representation of §f)(ZA) realized in LXZ,) where Z=Z* + Z~ is a given
polarization of Z. The space of 6(a, ) is generated by the forms

(1.1) o(h) = f 0¢(g, h)(g)dg,  hEG(A)
SL(2,k)\SL(2,A)

where £ Eg and 0$ (g, h) is the theta-series

65(g,h)= Y w,(g hNz), GESZY).

z2€EZ;

In this section we choose the following polarization of Z. Let {¢,,&_} be a
basis of Y, such that ¢, are isotropic and (¢,, ¢_) = 1, (we represent SL(2)
according to this basis), then consider the polarization

Z=Z*+27",

Zt= Y®ei,+8t QL.
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We identify Z~ = Y @ L. We will need the following formulas. (For formulas
for w, and generalities see [R] for example.)
(1.2) For ¢€S(Y,DL,), vEL,

o, (1, n)y; D= w0, Hy* —y*y~ @, v))a(y; 1 —y~v)
where y =y*e, +y¢e_

RN (i 1) e n=w= st (y-(, )s1)-

o-fo=(, 9

PROPOSITION 1.1. Assume that o does not lift (via 6(-, y)) to SO(L,),
then 0(o, ) is nonzero if and only if ¢ has a Whittaker model with respect to
U and a character

Put

A
Yy i ux) =y (5 x)

where . Ek* is represented by the quadratic formon L,, i.e., there is | € L, such
that (I,1)=A.

PrROOFE. 6(a, y) is nonzero if and only if there is 0 # ;€ L, such that
¢, (1)5£0 for ¢ of the form (1.1). (By our assumption on g, ¢(1)=0.) Let us
first show that

oih)= [ LT ale he. DEe)s.

\SLAA) €L,

For this, we may assume that » =1 and ¢ = ¢, ®¢,, where ¢, €S(Y,) and
¢, €S(L,). Then it follows that

64(z. 1) =( 5 ¢.(yg)) B 1), geSL2A)

yEY

where 9:,’(g, 1) is the theta-series corresponding to the dual pair
(SL(2), SO(L)). Thus

0(g, D=0,000(g, D+ T oile. 1200 (g, 1)

yEU\SL(2,k)

and hence
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SL(2,k)\SL(2,A)

o(1) = ¢,(0) 0 (g, 1)E(g)dg + f i(2.8)0) (g, 1)E(g)dg
U \SL(2,A)

= 01(e.8)8 (g, 1)&(g)

U\SL(2,A)

_ f T @,(g, Doles; DE(g)ds.
U\SL(2A) teL,

We used our assumption on a. Let /€ L, be nonzero. We will obtain a simple
formula for ¢,. Using (1.2)

ou(1) = f v, b)) S w,(g, e ; DE(g)dg dv

UASLQ2.A) el

L\L,
= f v (@ W) X vl Dawy(g, Dele,; NE(g)dvdg
U\SL(2,A) Li\Ly IEL,

= (e g DE()e.
USL(2.A)
(We assume that the volume of L, \ L, is one.) Using (1.3) we get
[ e sl [ vl bouegix dg
U \SL(2,A) k\A
Thus

(1.4) o(1) = f e (8 DOE D)
where
Wa(g) = f V00 ).

Formula (1.4) shows that if o has no Whittaker model with respect to U and the
character y&"? for any 0+ /EL, (in the sense that wgg,,,=0),
then 6(o, ¥)=0. Now assume that ¢ has a Whittaker model with respect to
U and y%"2 then ¢,(1)5%0, since otherwise, for ¢ = ¢, ® ¢, as above we
get from (1.4)

[ 8 908 DBlIWe =0, VS, ESY.
UA\SL(2,A)

This implies that @,(g, 1)@x(lo)W¢ 4,.12(8) =0, which is impossible. (@, is the
Weil representation corresponding to the dual pair (SL(2), O(L)).) The pro-
position is proved. O

Formula (1.4) implies
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THEOREM 1.2. Let g be as in Proposition 1.1, then (if 6(a, v) # 0), 0(a, ¥)
is a special representation.

ProoF. Let /€L, be nonzero, and let J be in Of (A). d has the form

1
o= ¢ . 8-l =1,

It is easy to see that

w,(1, 0)(e; b)) = de; bo).
Thus (1.4) implies that

¢,(0h) =g, (h)  VHEG(A), ¢€E€0H(o,y). O

§2. Local theta-lifts from SL(2, F) to G satisfy the U-property

Let F be a local nonarchimedean field and X a vector space equipped with
a nondegenerate symmetric bilinear form, having a positive Witt index.
We assume that m =dim X =5 and put G =SO(X). We write again
X =Fe,+ L + Fe_, as in (1) in the introduction, only that now L is not
necessarily anisotropic. We will employ the local notation analogous to that
already used in the previous sections (e.g., Y is the two dimensional symplectic

space of F, w, is the Weil representation corresponding to the dual pair
(SL{2, F), G), etc.).

PROPOSITION 2.1. Let o be an irreducible, admissible representation of
SL(2, F), and © an irreducible, admissible representation of G such that
Homgg; ;yx6(wy, 6 @ 1) # 0. Let [, € L be nonisotropic, then the space of linear
Sfunctionals y on V, (the space of n) satisfying

(2.1) Y(r(mW)e) = (@ L)r(p), vEL, 9€V,

is at most one dimensional.

PrOOF. The proof runs in complete analogy to the proof of Proposition
1.1. We realize w, in S(Y © L) as in Section 1. (The analogues of (1.2), (1.3) are
of course valid.) Let T be a nonzero element in Homgz, ryx6(®,, 6 @ 7) =
Homgg; yx6(w, @0, n), and y a nonzero linear functional, satisfying
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(2.1). The composition T = y o T defines a bilinear form 7: S(Y® L) X V, —
C (V, — the space of o), satisfying

22 T(w,(8 1)$,0(8)E)=T(9,¢), ¢ESYDL), ¢V,

(2.3) T(w,(1,n()e, &) =w(v, )T($, &), vEL.

We will show that the space of bilinear forms satisfying (2.2) and (2.3) is at
most one dimensional. Put v, (n(v)) = w((v, [y)), then for £ fixed, T defines a
linear functional on the Jacquet module S(Y @ L)y, . Let C = {(0; ) |leL}
and 0= {(y; /) | 0+# y€Y,lE€L}, then by [B.Z], we have the exact sequence

0—>S(O)—S(YDL)—S(C)—0.

Applying the Jacquet functor with respect to N and y,, we get the
e€xact sequence

0~ Swy, (0) = Sy, (Y © L)~ Sy, (C)—0.

Since N acts trivially on S(C), we have Snu(C)=0. Thus we have
an isomorphism

Swu(0) = Sy, (YOL).

So we have to prove that the space of bilinear forms T on S(0) X V, satisfying
(2.2), (2.3) is at most one dimensional. Let ¢ES((D)£e of the form ¢, @ ¢,,
where ¢, €S(Y \ {0}) and ¢,ES(L). We have for g ESL(2, F)

w,(g, )p=p(8)0, @ b,(g, 1),

where p(g)9,(y)=0,(yg) and @, is the Weil representation attached to
the pair (SL(2), SO(L)). We then may think of T as a bilinear form 7" on
S(Y\{0}) X (S(L)®V,) satisfying

2.2y T'(p(&)1, D, (&, )9, ® 0(8)E) = T'(9), 6, 9).

Fix ¢, and ¢, then T7(-, ¢, ®¢) is an SL(2, F)-smooth distribution on Y \ {0},
and hence, fixing an SL(2, F)-right invariant measure dy on Y \ {0}, there isa
(unique) smooth function f,g: on Y \ {0}, such that

T, $,0¢) = f o T

The condition (2.2) translates into

2.4) Jougne®oex(V) = fuoe(¥8),  ESL(2, F).
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Realizing Y \ {0} = U\SL(2, F) by y = ¢, g, and replacing dy by an SL(2, F)-
right invariant measure on U\ SL(2, F), we get

T(¢.®¢y, &) =T'(9, $,9¢) = f ALY Jooe(€+8)01(e,8)dg

= f nseh Sovan@oee(€+)01(€48)dg.

Define the following bilinear form on S(0) X V,. Let ¢€S(0) and (EV,.
Write

d
4= 3 0@,
where ¢{’€ S(Y \ {0}) and ¢§?€ S(L), then define

d
10,0= 3 fopadepPe.)

Rewriting
(8, )= f:*:f-, oVeefee(€+)s

we see that 7 is well defined and that 7(¢, £) depends on £ and on the restriction
of ¢ to Xo= {(e4, 1) | l€L}. Thus

16.9= [, (s Vg o()Ms.

By formula (1.2), we have

Resy, w, (g, 1(v))¢p = Resy, @},

where
@ (¥; D)= w((, Dow,(g, DKy; 1)
and hence
t(w, (g, 1(V))¢, 5(8)8) = (¢}, 9(8)¢).
Thus, using (2.3)

T8, &) = v~ )T (@, (1, ()8, &)
S R AL MO
U\SL(2,F)

= f v~ (v, b)) ﬁm,,,%,,@a(g;e(h)dg
U\SL(2,F)

= SR ¥ (v, b)) Sy, nan s 000051 (E+ )1 (€4 8)dE .
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This implies that

f;a((u,.))a),(g,x)¢,®a(g)¢(8+) =y((v, lO))f;b,(g,l)«h@a(g){(8+)

and in particular

Jow,ye@e(es) =W, b)) fo0:(€4).
This implies that the distribution ¢, f,e:(¢.) is supported on /=,
and hence

Jooe(e4) = a £)p:Aly).

Since &, u = u for u € U, we have

ftb,(u,l)h@a(u){(s-{—) = fm®¢(8+)
and so

alo(u) &), (u, 1)plo) = a )P Alo).

Since
@, (u(x), Doal) = w( — Y, l)x)elo),

we find that « is a Whittaker functional for o, with respect to U and the
character y'~"2, We proved

@.5) T(9, &) = f ap 08 10e. bl () E)e

and so T is uniquely determined up to a constant, and the proposition is
proved. O

As in Section 1, formula (2.5) implies

THEOREM 2.2. Let © be an irreducible, admissible representation of G,
lying in the image of the local theta-correspondence from SL(2, F), then ©
satisfies the U-property.

ProoF. The assumption on 7 means that there is an irreducible, admis-
sible representation ¢ of S_L(2, F), such that Homgzi, pyx (@, ® 0, ) # 0. Let
T be a nonzero element of the last space, and let y be a linear functional on V,,
satisfying (2.1) (for a given nonisotropic vector [;in L). Let ¢ € V,, and assume
¢ = T(9, &), for pES(Y ® L) and £ EV,, then for d in Of , we have

P(r@W) = r(x(@)T($, $) = n(T(w,(1,6), &)
= T(0,(1,6)8,8) = T(9, ) = 7(v).
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We used the notation of the last proof and formula (2.5). a

§3. Explicit description of the local theta-correspondence

In this section we summarize and recall from [S] the explicit construction of
the local theta-correspondence from the dual of ﬁ',(2, F)to G. We keep the
notation of Section 2, and we add the assumption that the Witt index of the
quadratic form on X is a least two (so that (SL(2, F), G) is a dual pair in the
stable range).

Let o be an irreducible, unitary representation of SL(2, F) (assumed to be
genuine in case m is odd), then an irreducible, unitary representation of G,
n = 0(a, y), can be constructed explicitly, and n corresponds to ¢ by Howe
duality (i.e., Homgg, ryxg(w, ® g, 7) # 0). We explain the construction of
0(o, v). Write

L=Fe,+E+Fe_,

where e, , are isotropic, (e,, ¢_,) = 1 and E is the orthogonal complement in L
of Fe, + Fe_,. Put X* = Fe,, + Fe.,, then X* are two dimensional isotropic
subspaces, which are in duality under ( , ), and

3.1) X=X*"+E+X".

(Note that our assumption m = 5 implies E # 0.) We identify X* = F? using
the bases {e,, &,}, {€_,, €_,}, and we write the elements of G according to the
decomposition (3.1). Let Q’ be the parabolic subgroup of G, which preserves
X, then Q' has Levi decomposition

Q' =(GL2, F)-SO(E))- #.
The Levi part is GL(2, F)-SO(E). We embed GL(2, F) in Q’ by

tr-l
ref = Ig , reGLQ,F), w=(0 1)
wrw, Lo
and SO(E) is embedded by
I
h— h , hESO().
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The unipotent radical # is isomorphic to the Heisenberg group corresponding
to the symplectic space Y ® E = E?. The elements of # may be realized using
the above identifications as

L u* z
n(u,z)= I u
I,

where

u = (i w)EE?, m=@3;

uf,
u*€E*sends ein E to — (e, u;). zEM(2, F) satisfies
w'z +zw + w((u;, w;)); j<ow = 0.
Consider E? as a symplectic space, with the symplectic form
(g, wy), (u3, ut)) = (s, u) — (uy, u1).

The Heisenberg group of the symplectic space E? is E2@ F (as a set) with
multiplication law

W, )W, t)=w+u,t+1t+Ku,u).

To see that # is isomorphic to the Heisenberg group of E?, consider the
map B : # — E*@ F defined by

01
BonGus 2) = (s e () o+ 4G s

This is an isomorphism, and it commutes the action of SL(2, F)-SO(E) on ¥
by conjugation with the natural right action of SL(2, F)-SO(FE) (as a subgroup
of Sp(E?) on the Heisenberg group of E?). Put

Q=GL2,F)-#, D=SL(2,F)-H.

Let p, be the unique, irreducible representation of s, which has central
character y. (The center of # consists of the elements 5(0, z).) p, can be
extended to a representation of S—L-,(2, F)-# by w,p,, where w,, is the
(restriction to SL(2, F) of the) Weil representation corresponding to the dual
pair (SL(2, F), SO(E)). The representation 8(a, ) constructed in [S] satisfies

(3.2) Res, 0(o, ¥) = Ind§ w,p, Ro.
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By Mackey theory, this representation is irreducible, and uniquely determined
by o. To obtain a realization of (3.2), we realize w, (the Weil representation
corresponding to the pair (SL(2, F), G)), using a different polarization of
Z = Y ® X. This time we polarize

Z=7Zt+2Z"
where
Z*=Y®X*+Y*QF

and realize , in L¥Z ™), the subspace of smooth vectors being S(Z~). We
identify Z- =M (2, F)QE. Let f€S(Z~) and ¢ € H, (the Hilbert space of ).
Define for bEQ, e EE,

(3.3) Le(b)e) = fs 1 O, B) s e)o(R)¢ .

Then the integral (3.3) converges absolutely. For bEQ, I .(b) is an
L2-function on E, with values in H,. For n € ¢ and r €SL(2, F), we have

I o(nib) = (p, (mwy(r, N@o(rD;e(b),  DEQ.

I, is an L*-function. More precisely, the function (on GL(2, F))
res f (7)) I, de

is SL(2, F)-left invariant, and (the L*-norm of I, which equals)

J. [ Wieoxe Vi dear
SLZFNGLZF) J E

34
(G4 - f (@(8)&, O, (8, 1) £, f)dg.
SL(2,F)

All last three integrals converge absolutely. Now, we may extend the action
of Q on V'(g, v)=Span{l, |fES(Z‘), (EH,} to an action of G on
V', v) by

h'Ir’{__‘ w,(l,h)f,{’ hEG-

By (3.4), we see that this action is well defined and unitary, and hence extends
to the full space V’(o, y). This realizes 6(o, y). Note that T( f, &) = I ; defines
a nonzero element of Homg; £y g(wy ® 0%, 8(o, y)).

Let V(o, y)=Span{/,; | fES(Z™),(EHF}. This is an algebraically
irreducible subspace of 6(a, ¥), and on it we can define a nonzero linear
functional y, satisfying (2.1) (for suitable /;). Assume that ¢ has a Whittaker
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model with respect to U and the character y*?, where AEF*. Let a be a
corresponding Whittaker functional on Hy. Define on V(o,y) a linear
functional y, by

)= a(I“(fz)(O))

- f ,(8. 1) fiw; 0)do(8))dg.
SL(2,F)

Let [, = {le, + e_,, then (/;, ;) = A, and it is easy to check that , (is nonzero
and) satisfies (2.1) with /[, = /;. By Proposition 2.1 and Theorem 2.2 y, is the
unique, up to scalar multiples, linear functional on (the smooth vectors of)
8(o, v), satisfying (2.1), and it automatically satisfies

70, w)O)p)=1.(p), JIEO;.

REMARKS. (1) Recently Waldspurger has given a proof of the Howe duality
conjecture [W], and hence 6(o, w) described above is the theta-lift of g to G.
See also [M.V.W] where a proof is given for unramified dual pairs.

(2) An explicit description of the Howe lift in case of a general dual pair in
the stable range has been obtained recently by Li [L]). It is similar to the
description above.

§4. Nondegenerate representations

We keep the notation of Section 3. In this section we introduce nondegener-
ate representations of G and describe some elementary properties of these rep-
resentations.

Let (n, H,) be an irreducible, unitary representation of G. H, denotes a
Hilbert space realization of the action of x.

DEFINITION 4.1. 7 is called degenerate if the spectral measure of Resy n
is concentrated on characters of N of the form y;(n(v)) = w((v, [)), where

[ €L is isotropic. We call such characters degenerate. (Otherwise, we call ©
nondegenerate.)

LEMMA 4.2. Assume that there is a nonzero linear functional y on
HP satisfying

yEMm@) ) =w(w, (), (EHY

where (I, l) # 0, then n is nondegenerate.
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ProoF. Assume that n is degenerate. Let { EHY, and let f; be a represent-
ing function on L corresponding to the decomposition

Hy = [ Hodut)
(N acts on H,, according to y,). Let ¢ be in C°(L), then
| somtne) £dv= 50 £

Hence if ¢ is supported away from the isotropic vectors of L, then

a0 f(H=0
for almost all /. Thus, for such ¢ and { EH?,

@.1) j;«wnwumCdv=o

Applying y to (4.1), we get
Hl)y({) =0
for all ¢ as above. This implies that y({) =0 for { EH®, a contradiction. O

THEOREM 4.3. Let n be an infinite dimensional, irreducible, unitary
representation of G. Assume that n is nondegenerate, then in the spectral
measure of Resy 1, the measure of the set of degenerate characters of N is zero.

ProoF. The proof is essentially a repetition of the proof in the appendix in
[PS]. We use the notation of Section 3.

Since 7 is infinite dimensional, the Howe-Moore theorem [HM] implies that
7 has no Z(#) fixed vectors where Z()) is the center of #, which is
isomorphic to the Heisenberg group of E%. By Mackey theory, there is a unitary
representation g of §I_J(2, F), such that

Resy 7 = Ind§ w,p, ® o
and w;, ® o factors to SL(2, F). Since D is normal in Q,
Resy = Resy Ind§ w;,p, Qa
= f - Resy(w,p, @ a)'d*

= f Resy(wypy @ a')d*t.
Fad
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Here () denotes conjugation by

¢' is o conjugated by (* |) and y'(x) = w(tx). Thus we need to examine the
spectral decomposition of representations of D which have a nontrivial central
character, i.e., of the form wy,p, ®J, where J is as ¢ above and v, is a
nontrivial character of F. Assume that SL(2, F ) = SL(2 F), the metaplectic
group, then ¢ is a genuine representation of SI.(2, F). Since Ind§ w,p, ®-
preserves direct integrals, then (decomposing o into a direct integral
of irreducible (genuine) unitary representations), we may assume that
¢ is irreducible. Since J is genuine, it is infinite dimensional. We have the
following lemma:

LEMMA. Resy(w,, p,, ® ) has a spectral measure concentrated on nondege-
nerate characters of N.

Given this lemma, the theorem is proved in case §L—,(2, F)= §L(2, F). Now
assume that ﬁ(Z, F)=SL(2, F). Let us decompose ¢ = g, D 5, where o, is a
multiple of the trivial representation of SL(2, F) and ¢, has no invariant
vector, then

(4.2) Resy n = Ind§ w,p, ® 0, ®Ind§ w,p, ® 0.

Decomposing o, into a direct integral of (infinite dimensional) irreducible,
unitary representations of SL(2, F), it will be clear by the proof of the
lemma that Resy Ind§ w, p, ® 0, has spectral measure concentrated on non-
degenerate characters of N. Thus, if g, = 0, we are done. Assume that o, # 0,
then it will be clear by the proof of the lemma that the spectral measure of
Resy Ind§ w; p, ® 0, is concentrated on the set C of degenerate characters of
N. Thus if P, denotes the projection valued measure on N associated with 7,
then P,(C) is the projection on the first summand in (4.2), and hence P,(C)
commutes with 7(Q). The Levi subgroup M of P acts naturally on N, and for
m €M and a Borel subset W C N, one has

Py(m - W)= n(m)P(W)r(m)~"

(m --denotes the action of M on N). Since C is M-invariant we find that P, (C)
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commutes with 7(M). Since G is generated by M and Q, P,(C) commutes with
n(G), and hence H, = P,(C). This implies that n is degenerate, contrary to our
assumption. Thus g, =0, and the theorem is proved. O

ProOOF OF THE LEMMA. We use the notation of Section 3. An element of
N can be written as

1) = nw Yl (0; x ( - (1) ?)) ,

for v=xe, + v’ + te_,, where v'EE, t, x EF (recall that u(t) =( 1)). p,, is
realized in LY(E), so that for € S(E),

wy, py, (n(W)de) = yi (v, e)wi(x)w,, (u(t), 1)¢(e)
=y(x — (v, e) — dt(e, e))g(e)
=yi((— He, e)e, — e + e_,, V))i(e).

Thus the spectral measure of w,, p,, is concentrated on y((:,/)) where
l,=— e, e)e,— e +e_,, e EE. We may take the spectral measure to be the
Haar measure de. (Note that (/,, /,) = 0.) Since J is infinite dimensional, the
spectral measure of J as a representation of _SI,(Z, F). ¥ is concentrated on
characters of the form y,(at) = w,((v, ae,)), where a lies in a union of cosets of
F modulo (F*)%. The measure may be taken to be the Haar measure d*a. Thus
the spectral measure of Resy(w,, p,, ® J) is concentrated on characters of the
form y,((-, I, ,)), where [,, = (a — ¥e, e))e, — e + e_,, with measure ded*a.
Since (/, 4, I, ,) = 2a, then [, , is isotropic if and only if a = 0. The set of vectors
l,o has measure zero. (Note that if  is trivial then the spectral measure is
concentrated on the characters y,((-,/,)), which are all degenerate.) The
lemma is proved. a

Let us identify N with L by y, < I. Representatives of the orbits of M in N
can be chosen as follows: I = n(0), n(k), n(l), . . . , n(l,), where [, is a nonzero
isotropic vector and (/;, [))=4;,i =1,...,rsuch that {4,...,4,} is a set of
representatives of (F*)2\ F*. We choose

10=e—2:
Ai :
l,'=e2+‘£e._2, l=l,...,r.

Now we can formulate
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COROLLARY 4.4. Let n be as in Theorem 4.3, then there is a subset T(r)

of {1,...,r), and for each i in T(n), there is a unitary representation 1; of
O, such that
(4.3) Respn = @D Indh v Q.

FET(R)

ProoF. By Theorem 4.3, there is a subset T(n) of {1, ..., r} such that
4.4 H,= @ P.M.I).

i€T(x)
M -1; denotes the orbit of y(/;) under M. Put H,; = P,(M-l;) then H,; is a
P-invariant subspace of H,, and the representation of P in H, ; is supported on
one orbit of characters of N. By Mackey theory, the representation of P in H,;
is of the form Ind, y 7; ® y,, where 7, is a unitary representation of 0,. O

Before we continue our study of nondegenerate representations we need the
following useful lemmas.
Put

B, eG ¢

I
v
>

. L x

7

(zeros elsewhere).
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LEMMA 4.5. M =B0Of, i=0,...,r. (Of denotes the stabilizer in N of
nl) =n(e_»).)

PrROOF. B\ M is isomorphic to the variety L, of isotropic lines in L by
the map B,m > Fm~'e,. Of acts on L, from the right by (Fe)-h = F(h~'e).
The orbits of Of in L, correspond to the double cosets of B, X Of in M.
Consider the open dense subset

(FIEL, |, ) #0).

It is easy to see that this set forms one orbit in L, under Ojf. Fe, is a
representative for this orbit and it corresponds to the double coset B,0f. O

COROLLARY 4.6. M =B,0;,i=0,...,r.

Proor. Since B, = B,-SO(E)

SO(E) = o leGq ),
I

and SO(E)l; = I,, then M = B,O; = B, SO(E)O; = B,0; . O

COROLLARY 4.7. M = ByOf for all €L outside a subset of codimension
one in L. (For | isotropic, Of denotes the stabilizer in M of n(l).)

ProoF. Let /EL be nonzero. If there is b in B, such that for some
0=<i=r,bn)b~" = n(l), then this claim follows from Corollary 4.6. Such b
exists iff (/, e,) # 0. Indeed, we may assume that (/,/)=(/,/;) for some
0 =<1i =r, and let us look for b as above of the form

1
bl

and so we must have
bl =1,

b'.e,=ye, for some y € F*,

b'-z€z+Fe, forallz€E,
This happens iff
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(i,e)=y(, &)
and

(,2)=a,(,e) for some o, EF.

Since (/;, e,) # 0 for 0 =i = r, we must have (/, ;) # 0. This defines y and ;.
Now it is clear that M = B,O5 iff / is in the set {{ EL(/, e;) # 0}. m|

LEMMA 4.8. Let {m,} be a sequence in M such that
mym, " —— (), Lj=1,...,r

then i =jand m,—— I (mod O)).

PROOF. Write

then xvhvl,-:» [; and hence xZ(/;, l,»): (/;, [;), that is xvz/l,-:» 4;. This

implies that /i =j and xf: 1. Indeed, let K’ be large (such that
AP =K Kz1),and

x‘?).,E/lj + yK’=).J(1 + ?K).

Since 1 + 22X C (F*)?, we find that i =, and x2 €1 + #X. By Corollary 4.6
we may assume that m, = b, € B,. Write

Cx, 111 |
» 1 ef —He,e)
b, = I I e,
yo! 1
L 'L 1]

then

bv”(li)bv— lr,( - ll)

A X, A; A
= 1—=(e,e)}—1 +#v+—’xv;*—1e_>.
n((m«( 4(e e)) )ez 5 e 2( y )e_,
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Thus, we conclude that

e—»O X,V —::1 and 2 1.
Assume for simplicity that F is of odd residual characteristic. Let K be large
and v such that x2 €1 + X, then either x, €1 + #¥ or x, € — 1 + #X. This

implies that respectively y, €1 + #¥ory, € — 1 + #X. Thus, modulo 0,, b, is
close to I. A similar argument holds if F of even residual characteristic. O

We now get back to nondegenerate representations. Let z be as in Theorem
4.3, and recall the decompositions (4.3), (4.4).

PROPOSITION 4.9. Let V be an N-invariant subspace of H?, then
V=& VnH,,.
IE€T(n)
Also
(4.5) VNH,;=VNH,.

ProOF. Let/E L be nonisotropic and L, a large compact open subgroup of
L. Define for f€EV

= f (@ D)) fdv.

Since fis smooth, the integral reduces to a finite sum and f;;, € V. (u(L,) is the
measure of L,.) Write f = Z;cr, /©, with fOE H,, ;. Note that f is a P smooth
vector, i.e., a smooth function on P (see (4.3)). For

put

We have
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m """m f v () £ my )m="m)dv

f W )W (mn)m =Ydv f(m)

u(Ly)
w“((v [ —m=L)dv- fO(m).
#(Ln)
Here ~'-I; = xh~'l;. Assume that / =m;'-[,, jo=1,...,r, then taking L,

large enough (depending on /), we see using Lemma 4.8 (and its proof) that in
order that the last integral be nonzero, we must have i = j;, and that in this case
the integral defines the characteristic function of a small neighbourhood U, ;,
of my;in O,\ M. Since f;; = Z f}}] , we get that

(4.6) fo,=xu, - f%,  wherel€EM ..

This implies that xy,, - fU € V for large compact open subgroups L;. From this
we conclude that fY%€ V N H, . This proves the first assertion. The second
assertion is also an easy consequence of (4.6). O

Denote by Cr(M,O,;H,) the subspace of smooth functions in
Inda_N 7; @y, which are compactly supported modulo O, N. (We consider
their restriction to M; H, is the Hilbert space of 7;,.) Let P, denote the
projection of H, on H, ;. The proof of Proposition 4.9 shows that for i € T(r)
4.7) P(HF)NCF(M,0,;H)CHF NHy,.

Put
V: = Span{ f“(m) |fEH;°, meM}
= Span{ /1) | fEHF},
H,=V;.
This is an O,-invariant subspace of H, . Since H; C GB,-ET(,,, Ind’o’,'_ ~H ®u,

and Hy is dense in H,, we find that H; = H,. Let us show that P,(H*) N
Cr(M, O,; H,) is quite large.

LEMMA 4.10. C=(M, O,; V) C P(HZ) N C*(M, O,; H,).

PROOF. Let &E V7, then there is f€ HF such that f“Y(I) = &, Since /@ isa
smooth function, there is a small neighbourhood U of I in M, such that
Shu) = 1;(h)& for all hin O,and u €U. As in (4.6), Xo,uf"E P,(Hy). From
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this we conclude that given &€ V', and m,E M, there is a small neighbourhood
of my,, U, such that for every neighbourhood U of m, contained in U, there is
@ €EP,(H?) such that ¢ is supported in O, U and ¢(hu) = 17,(h)& for hEO,
and u € U. The lemma is now clear. a

§5. Representations with the U-property

We keep the notation of the previous section. In this section we characterize
representations of G satisfying the U property as those which are 8-lifts from
SL(2, F).

Let 7 be an irreducible, unitary, infinite dimensional representation of G.

LEMMA 5.1. If 7 satisfies the U-property, then

Respm = @ Indfy7,Qy,

i€T(x)

and Resy; 1; is a multiple of the trivial representation of Of .

Proor. Note first that, by Lemma 4.2, 7 is nondegenerate. (We assume of
course that functionals satisfying (2.1) exist for n.) Thus we have the decom-
position (4.3). Define for fE HF and i € T(n)

¢'(f)=fo)
(f® is a smooth function on P). ¢’ is a linear map from HY to H,, satisfying
¢'(n(n(@)) ) = wi(n@)e’(f).

Let y/be a linear functional on V7, then y' = y/ ¢’ is a linear functional on H?
satisfying
Y (@) ) = v, (@) ().

Since = satisfies the U-property,

Y@@ NH=7(f) VIEO;.
That is

YO SD)) = yi(SUD))
for all 4 € O; and all linear functionals y/on V7. This implies
L@ D) =)  VIEO].

Thus Resy; 7; is trivial on V7 and hence trivial on V:=H,. O
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The next lemma will be needed in Section 6.

LEMMA 5.2. Assume that n does not satisfy the U-property, then there is a
nonzero f,€ H® such that

7(f0)=0,
for any linear functional y on HY satisfying
y@@n@) ) =w,(n@)(f), vEL, J€EO].

Here [,€ L is nonisotropic.

PrROOF. Let 7, be a linear functional on Hy? violating the U-property. We
may assume that there is jy, 1 = j, = r such that

Y@ @) f) = v, (@)l f)
but there are '€ 0j and '€ H® such that

Yo(m(0") f7) # vo( )

(The existence of y, implies by Lemma 4.2 that 7 is nondegenerate.) Define
on V;jo

(SR =r(S), SFEH?.
This is a good definition. If fY)(I)=0, then fUYm)=0 for m in a
small neighbourhood U, of I in O,\M, and hence xy f' U =0. We

may assume that U,=U, ., for a large enough compact open subgroup
L, C L. By (4.6), we have

fijn,Ln = XU/]u’Llf(Jo) = 0

and hence

1
) =70 (;E [, v R ) = 1 20 = 0.

Thus J, is a linear functional on V;_for which
T G)E — 0,  EEVL, SEO,.

Hence the subspace V' = Span{t; ()¢ — ¢ | te Vi 1) EO,‘jo} iS a nonzero
(O,jo-invariant) subspace of Ve, Let Jobe any element of C*(M, O, ; V", ). By
Lemma 4.10 and (4.7) f€EH N H, ;. Let y be a linear functional as in the
statement of the lemma. Assume that [y = my- [, (1 = iy = r). Define



300 I I. PIATETSKI-SHAPIRO AND D. SOUDRY Isr. J. Math.

Ymo( ) = V(7 (17tg) f)

where if
Xo
mo = ho ,
xO—l
then
xq !
Xo,
We have

YoM S) = w5 (Ao, 1))y ) = ¥, (1)) S)-
As above, we may factor y,, through ¢,

Vo ) = Fmo SUD))

and so
P(f) = Vm(m(ri15") ) = P (S @157 1)).

If jo # iy, then since f€EHF N H, ;, we get that f§? = 0 and hence y( f;) = 0.
Assume that j, = i,. Note that

Pme(R () f) =ym(f), OEOf.
Since f§(riig ') = forhg YE V%, , we get that p(f) = 0. 0
We are now ready to prove the main theorems of this section.

THEOREM 5.3. Let (n, H,) be an irreducible, unitary, infinite dimensional
representation of G, with U-property. Then Resg, n is irreducible.

ProOF. Let H be a nonzero (closed) Q-invariant subspace of H,. Denote
by V the subspace of Q-smooth vectors of H. Let f be in V. Write f=
Zierm f©@ in the decomposition (4.4). By Corollary 4.6, Of B, is an open dense
subset of M. Thus (a representing function for) /) is determined by its
restriction to Of B, (its complement in M has measure zero). Since B, C Q, we
find that f© is By-smooth, and by Lemma 5.1, f© is Of -left invariant. Thus /©
is a locally constant function in H, ;. Thus P,(¥) consists of locally constant
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functions. It is easy to see that Proposition 4.9 still holds for N-invariant,

N-smooth subspaces V¥, such that P,(V) consists of locally constant functions,
for i €T(n). Thus

V=@ VnH,,=® VnH,,.

i€T(x) i€T(x)

Let i be such that V' N H,; # 0, and define
W, = Span{ fO(m)| fOEV N H,;,, mEM).

This is an O, -invariant subspace of H,, since 7;(h)( fV(m)) = f¥(hm). Denote
the representation of O, in W, by g;, then clearly

VNH,,C Indf, v 0, Qy;.

Let us show.equality of the last two spaces. Let &€ W, and my €M, such that
M = (mg'0{ my)B,. By Corollary 4.7, it is enough to consider such m.
We claim that there is f€V N H,; such that f(my) = &. Indeed, there are
9 EV N H,; and m €M, such that p(m,) = &, Let 6 €Of and b € B, be such
that my 'm, is close to my 'dmgb, and

@(momg 'my) = p(mymyq 'omyb).
Then
& = p(m)) = o(memyg 'm,) = p(memyg 'dmeb) = p(dmeb) = (Prop. 4.9)
= p(mob) = ((b)p)(my).

Since B,C Q NP, n(b)p €V N H,,;. Take then f=n(b)p. As in (4.7) and
Lemma 4.10, we conclude that

CCM,0;W)CVNH,,;
and hence
Indf, v 0, @y, C VNH,,.
Thus we proved that
V=0OVnH,;=DIndj yo,Qy,.

In particular Vis P-invariant. Since P and Q generate G, Vis G-invariant, and
hence V = H,. This proves the theorem. a

THEOREM 5.4. Let (ny, H,), (my, H,)) be two irreducible, unitary, infinite
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dimensional representations of G, with U-property. If Resy n, = Resy, ,, then
n= .

ProOOF. Let a:H,—H, be a Q-isomorphism. We claim that T(n,)=
T(m,) and that for i € T(m,), (H,,;) = H,,;. Indeed, let i ET(n)) and / in the
orbit of /; (under M). Let fEHy and L, C L a large compact open subgroup of
L. Since N C Q, we have

a(ﬁ,L) = a(f )1,1..-

Now (4.6), (4.7) and Lemma 4.10 show that a sends C>(M, O, V) into H,,;.
(H,,; =Indj, vy 1,; ®w,.) Thus o(H,,;) C H,,,;. Similarly « ~{(H,,;) C H,,;.

Let f€EH? and i€T(m)=T(m,). As in the beginning of the proof
of Theorem 5.3, we conclude that « f) is a locally constant function in
H,,;. Define then

T;: Hg — H,,,;
by
T(f) = o SOND).
We have
T (m(n(®)) f) = al(m,(n (@) NHOW) = ez (n(v)) fOUT)
= M) SOUD) = a( SN () = y, ()T S)-

Composing T; with any linear functional on H,,;, and using the U-property of
n,, we find that

Ti(m() N =Td(f), VOEO].
That is
am,(0) fOW) = o fON) = fN0), VIEOS.
Since « commutes with Q and M = Of B,, we conclude that
am(m) fOND) = o fONm) = nm)a( fO)I), VmMEM.

This implies that Resy, ,a commutes with M for i E€T(x,), and hence «
commutes with M. Since Q and M generate G, « is a G-isomorphism. The
theorem is proved. O

THEOREM 5.5. Let (%, H,) be an irreducible, unitary, infinite dimensional
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representation of G with U-property, then there is an irreducible, unitary
representation o of SL(2, F) such that n = 6(a, y).

PRrROOF. Asin thglaeginning of the proof of Theorem 4.3, there is a unitary
representation ¢ of SL(2, F) such that

Resy 7 =Ind§ w,p, ®0.
By Theorem 5.3, Res, 7 is irreducible, and so g is irreducible. By (3.2) we have
Resy m = Resy 6(a, v).

By Theorem 2.2, 6(a, y) satisfies the U-property, and hence by Theorem 5.4,
n=0(0, ). |

COROLLARY 5.6. Let m be as in Theorem 5.5, then the space of linear
functionals on H® satisfying (2.1) is at most one dimensional.

Proor. Follows from Theorem 5.5 and Proposition 2.1. O

§6. Special representations of rank one orthogonal groups

We use the notation of Section 1. We state our main theorem, which is the
converse to Theorem 1.2.

THEOREM. Special_ representations of G(A) are obtained via the theta-
correspondence from SL(2, A).

We first outline the proof and then give the details.

Note that since we assume that dim X = 5, then G, = G(k,) is of rank at least
two for almost all finite primes v (and if dim X = 7, then G, is of rank two for
all finite primes v). Hence the results of Sections 2-5 are valid for such G,. Let
7 be an irreducible, cuspidal, automorphic representation of G(A), and assume
that & is special. We first note

LEMMA 6.1. 7, satisfies the U-property for all finite primes v, with
rank(G,) = 2.

Thus, by Theorem 5.5, for all such v, there is an irreducible, unitary
representation g, of SL(2, k,), such that 7, = 6(ag,, ¥,) (v is a fixed nontrivial
character of k \ A). At this point we treat the case m = 5 separately.

PROOF OF THE THEOREM FOR THE CASE m = 5. Let /€L, be nonzero
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and such that ¢,5£0 for ¢ €n, and hence ¢,;(dg)=@,(g) for d EO0f(A).
This implies that

f @, D (n(v)0g)dv d6s£0,  pEn.
OfKIN()\OHAIN(A)

By Proposition 2.1 in [PS.S], it follows that the theta-lift of # (with respect to
w) to Sp(4, A) is nontrivial. If # does not lie in the image of theta-correspon-
dence from SL(2, A), then the theta-lift of 7 to §)(4, A) is cuspidal, and in this
case, we may apply the main result of [PS.S] and obtain that there is an
irreducible, automorphic, cuspidal representation z’ of SO(3, 2; A), which has
a standard Whittaker model, and is locally equivalent to x at all places where G
splits and = is unramified. For such a place v, we get that n, = 6(g,, y,) has a
standard Whittaker model, which is impossible. Thus # is lifted (via theta)
from SL(2, A). |

From now on, we assume that m = 6.

Next, we introduce certain Rankin-Selberg integrals for each nonzero
{ € L,. Letl € L, be nonzero. Denote by H, the stabilizer of /in G. If we denote
by X; the orthogonal complement of / in X, then H, = SO(X)). H, is clearly a
rank one orthogonal group defined over k. Let P, = M, N, be the parabolic
subgroup of H,, stabilizing the line through e,.

M, = h €G |hl =1 =GL(1)X Of,
x—l

N ={n@| @ 1)=0}.

In [R1], chapter 1, Rallis introduces a special Eisenstein series E;(f;, #) on
H(A) corresponding to the representation Indf,',’(%) ls, where

s h =|xJ (unitary induction),

where hl = [. Thus a function f; in Ind 4, satisfies



Vol. 64, 1988 RANK ONE ORTHOGONAL GROUPS 305
X * *

f h * Jg)=Ixpt™-9%(g)  (m—1=dim X)).
x~1

The Eisenstein series

E(fohy= ¥ fGh)

YEP(k)\Hi(k)

converges absolutely for Re(s) > (m — 3)/2, and continues to a meromorphic
function on the complex plane. It has a simple pole at s = (m — 3)/2, with
constant residue. f; is a certain special section which satisfies the following:
assume that £, =@ fsvs [, being unramified for almost all v (belonging to
Ind;','(%')) Us.,), then for £, , unramified, one has

m-—3

fs,u(1)=L,,(1,s+ )=(1 — gy -1,

Also L,(1,s + (m — 3)/2)~! £, is holomorphic for all v.
Consider the following Rankin-Selberg integral (for an irreducible, auto-
morphic, cuspidal representation n’ of G(A),

I(p, 1) =f o(WE(f,, h)dh, oEn

Hi(k)\H(A)

This is of course a meromorphic function, with poles contained in those of
E(f, h).

LEMMA 6.2. =’ lifts via the theta-correspondence to SL(2, A) iff there is
0 # LEL, such that I,(p, f;) has a simple pole at s = (m — 3)/2.

Hence in order to achieve the proof of the theorem, we will show that for our
special representation 7 there is a nonzero /€L, such that, on =z, [ has a
simple pole at s = (m — 3)/2. Choose any nonzero /, € L, such that the Fourier
coefficient ¢, (g) is nontrivial on 7.

LEMMA 6.3. Let ¢ be a cusp form in n, then ( for Re(s) large)

L. f)= | 9,(h) Si(h)dh

AN (ANH;(A)
(assuming that the measure of Of (k)\ Of (A) is one).

Let Q, be the set of archimedean primes, and those primes where G remains
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a rank one group, then for v¢ Q,, 7, = 6(0,, ¥,), and by Corollary 5.6, =" has a
unique (up to scalar multiples) linear functional y,, satisfying

},v(nv(n(u))C) = Wu((u’ lO))Yv(C): C EH’: *

Thus there is a unique right invariant subspace W, (x,, l;) of the space of
smooth functions w(g) on G,, satisfying w(n(u)g) = v, ((v, [)))w(g), where n°
is realized by right translations. Assume that ¢ corresponds to a decomposable
vector @¢,, and for ve Q,, let w, be the function in W, (n,, l) corresponding
to {,, then clearly

0,(8)=0,(8a) T w.(g)
[7: 1978

and so, for Re(s) large (and f, = ®f;,),

I(o, £;) = I 0, ) 11 we,(h) £, (R)dh
vefy o Of (kN (k)\Hig(he)

where

Iou(@, £) = f 0u(80,) £i(2a) o,

Of (Ag)Nig(Ang )\ Hi, (Agg)

Let Q be a finite set of places containing Q,, outside of which, v, y, , f;,and {,
are unramified. For a finite place y, in Q, we may choose f; , and {, such that

19,1.,(% f.;) = Iﬂ‘(w],lo(w’ f.;)

(Indeed, fix {, for v # v, and denote by g% the cusp form corresponding to
®¢,. We may choose {,, such that
x*‘b
4
i’ L 80— (m)
X!

vanishes outside a small neighbourhood of 1 in k¥ (independently of go_,,;)
and, in this neighbourhood, we have
XW

¢
o,° I 8a—w) | = ¢,i"o(gn— ()

-1
xl’o

For this choose {;, and take
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Com g™ [ W, )
L(25"

with n large enough (depending on {; only). Now choose f, such that
fiuI)=1 and so that its support lies in P,(k,)U,, where U, is a small
neighbourhood of 7 in H) (k,), which fixes {, . With this choice, we can have
the desired equality up to a constant.) For vé& Q, let {0 be the unramified vector
with we(I) = 1, and f?, be unramified with

f?,,,(1)=Lv(1,s+m2_3),

then we may choose data at Q so that (for Re(s) large)

Ilo(¢’ f;) = Iﬂx,lo((as f.;) H ng(h)fs?,v (h)dh

vgQ o Of(k)Niy (ko \Hiy (k)

where Q_ denotes the set of archimedean primes of k. As in the proof of
Theorem 2.1 in [PS.R], given 5,EC, it is possible to choose data at Q_ so
that I, ,(p, f) is holomorphic and nonzero in a neighbourhood of s,.
(The criterion of [R.S] applies to show that I_, (¢, f;) admits meromorphic
continuation to C.) We proved

ProPOSITION 6.4. Let Q be a finite set of places containing Q,, outside of
which y,, y,, and m, are unramified. For v€QQ, let () be the unramified vector
with we(I) = 1, and f?, the unramified vector with

f?,v(I)=L.,(I,S+m2_3>.

Then given s,€C, it is possible to choose the data {,, f; , for vE Q so that for ¢ in
7 corresponding to @ {, and f, = ®j§,v,

Ilo(¢’ f.;)=1m(s) H wa(h)fs('),v(h)dh

vgQ v Oik)Ny(k)\Hyy(k,)

Jor Re(s) large and 1.(s) is a meromorphic function which is holomorphic and
nonzero in a neighbourhood of s,.

For this data, we will compute [, (¢, f) and show that it has a pole at
s = (m — 3)/2. This we will do by computing the local “unramified” integral
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19(s) = f wes(h) £2, (h)dh
05 (kWNig e\ Hig (k)

X

=L,,(1,s +m—2_—3>f wp 1 | x |F~0m =32 g%y
x‘l

(by Iwasawa decomposition).

In the computation we will use the fact that n, = 6(a,, ¥,), and hence the space
W, (m,, ly) is described by (2.5). The final computation will show

LEMMA 6.5. With data as in Proposition 6.4

L@, £) =Iw(s)L“(l,s L7 : 3) Lﬂ(l,s I 2_ 5) F(a, s)

where F(o, s) is a meromorphic function, which is nonzero at s =(m — 3)/2.
This will finish the proof of the theorem. Now to the details.

PROOF OF LEMMA 6.1.  Let 1, be a finite prime, such that rank(G,,) = 2 and
=, does not satisfy the U- property, then there is a vector {, EH,:: asin Lemma
5.2. Choose nonzero {,€ Hy for all v, such that {,, = {, and {, is unramified for
almost all v. Let ¢ be the cusp form in z corresponding to @ ¢{,. Since 7 is
special, we have for0 = /€L,

9(0g)=9(g) VIEO[(A).
The property of {, implies that
¢(p)=0 Vp€EP,, VIEL,.

Since ¢(g) = Zie, 9/(g), we see that ¢ | P, =0. This implies that ¢ = 0 since
P\ P, is dense in G, \ G,, a contradiction. 0o

PROOF OF LEMMA 6.2. Taking the residue at s = (m — 3)/2, we see that
I,(p, f;) has a pole at s = (m — 3)/2 if and only if

f o(h)dh=0  (pET).
Higk\Hig(A)

Assume that this condition holds for some nonzero [,€ L,. Let A = (/,, [;) then
we claim that
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-1 i) ¢((1 t) )
fm"’ (2’ fmﬂv 0o 18 p(g)dg dt=:0

and hence n’ lifts to _ST.(Z, A). Indeed, the last integral equals (using the
standard polarization)

fm”’_l (é ’) f 6 2 o1, g)px)y(¥x, x)t)p(g)dg dt

2 \Gs xEX,

- f T (1, 9)px)p(g)de
G\Gx» xeX;
(x,x)=1

- f ) T o, 19)8)e(g)ds

\Ga yEH,(k)\Gk

_ f oy (1, 8)ilo)o(g)dg
Hlo(k)\GA

- o800 ( 1) ¢(hg)dh) dg.
Hi(ANG, Hig(k\\Hy(A)

It is easily seen that this integral is not identically zero. Conversely, assume
that =’ lifts to SL(2, A), then there is a nonzero A in k such that

o fA 1 ¢
fm"’ 1<2 t) ka\GA‘% ((0 1),8> 9(g)dg dt=0.

The computation above shows that

f o(h)dh=0  for LEL,
Hy(l)\H,y(A)

such that (/,, [;) = 4. (Note that A must be of this form.) a

ProOOF OF LEMMA 6.3. (Expansion of I, (¢, f;).) For Re(s) large enough,
we have

(0, )= f o(h) fi(h)dh = o%(h) £, (h)dh

Pro(k)\H,(A) M, (k)N (ANHo(A)
where

%h) = f o(nh)dn.
NigfkN\Njo(A)

For g €G,, the function ¢°(n(v)g) is a function on N, N,(A)\ N, =k \A. We
have the expansion



310 L. I. PIATETSKI-SHAPIRO AND D. SOUDRY Isr. J. Math.

%)= X 90,(8)

tek*
where

el
%0,(8) fk WY (tx)p (n<(10’ D h)g)dx

- f e e (n()g)ds

= 0u,(8)

(900 = 0 since ¢ is a cusp form). Thus

e f= | 5 0ulh) fh)dh

MikNANH(A) 1k

f ou() £, (h)dh
OOV (ANHi(A)

f o, (h) £, (h)dh.
Of (AN, (A)\Ho(A)

We used the fact that n is special and hence ¢, (dg) = ¢,,(g) for € O; (A). Also
we assume that the measure of Of (k)\ Of (A) is one. O

PrOOF OF LEMMA 6.5. We have to compute I,?(s)._We know that n,=
0(o,, v,) for an irreducible unitary representation ¢, of SL(2, F), which has a
Whittaker model W, (a,, 3, ) with respect to

1 0
u-(, )
* 1
and the character y‘»»?, Formula (2.5) describes W, (x,, k) in terms of this
Whittaker model of g,. In particular wy is obtained as follows: let ¢, be the

characteristic function of the standard lattice in Y, @ L, (notation of Section
2), and WY, ), is the normalized unramified function in W, (g,, $(k, b)), then

wes(h) = f s, P8 IO (8.

By the Iwasawa decomposition (and the formulas for w,,),



Vol. 64, 1988 RANK ONE ORTHOGONAL GROUPS 311

t 0 t 0
wet = [ (0 7)) #)stcs mtn (]2 1era

- f Al (= 1) 1)1, (1, B3 £

- t 0
X Wiz <0 - 1) |t 2d*t.

Here d, is the discriminant of the quadratic form on X, , ( , ), is the Hilbert
symbol on k¥ and y,, is the character of k* appearing in the formulas for @, .
In particular

X

B t 0
= |x| L.Xw”(t‘m)xdv(t)|t|(°‘”')’2¢,?(tx8+;t“lo)w(‘}o‘,o),z (0 t"') d*.

We abbreviated ((— 1)™23d,, 1), =y, (t). Write ¢%(ae,; bl)=¢%(a, b)

where @9 is the characteristic function of the standard lattice in k2. Thus
(for Re(s) large)

I°(s) =L,,<1, s+ 272 3)
2
: f 2t~ ™) 2 (OFex, 1Y)
k¥ X k2

t 0
. ng,oyz (0 t—l> It | (6—M)12|x |s—(m—5)/2d*t d*x.

Changing ¢ to ¢! and noting that

70 (z" 0>_w0 <t 0)
(olo)/2 0 t = (lo.lo)2 0 t_.l ’

where %, ,, is the normalized unramified function in the Whittaker model
of o, with respect to (} }) and the character y~%%"2 we get (for Re(s) large)
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m-—3

[3(S) B Lv (1’ St ) sﬁxl st st x%(t_'n)x'i"(t)l t |("'_6)’2

t 0
X WL o2 (0 t“) | x [~ =3V2d*(z, x)
-3 -5
=L,,(l,s+m )Lv(l,s—m—)f X (™) Xa,(2)
2 2 1] 51
X W a2 <(t) t?‘) [2[5~V2d*e.

Denote the last integral by J2(s). We compute it explicitly.

Case I (m even). In this case let w, be the normalized unramified
Whittaker function on GL(2, k,), extending w%,,,, for the representation
n,=Ind§“®*) B,@ B!, where B, is the standard Borel subgroup of GL(2, k,)
and B, is an unramified character of k¥, such that g, = Ind§}®* u,, where
B!=B,N SL(2, k,) and u, = 2. Then we have

0 £ 0 E+12)-1 "
520= [ wo(( )1 o,

This integral is computed in [G.J],

L(m,®@x) X 7,5 + 1)
Lu(l’ 2S + I)L(Xd.,’ s+ %)

_L(ta, s + DL Xa, S + DL 'Ra s + )
L(1,25+1) '

JI(s)=

Note that since o, is unitary, generic and unramified, then |u,(¢)| = |¢|*
with |a,| < 1.
Case II (m odd). In this case

t 0
13(5)=fmqXw.(t)de(t)U|"”2W(l(lo,t.,yz (O t“) d*t.

Assume that g, corresponds to the unramified character i, of k*, so that o, is
contained in Ind;**) f,. If g, is an even Weil representation (corresponding to
y, W) then

7%= [t 1P = Lt ).
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Otherwise, g, lifts to an infinite dimensional representation of PGL(2, k,),
via the theta-correspondence with respect to y, %", Denote the resulting
representation of PGL(2, k,) by 7,, then from Proposition 2.1 in [G.PS] we
conclude that

L(7,® 2iiim> S + 3)

Js)=
©) L(Xats S + 1)

In this case 7, is of the form Ind§“*%) u, @, !, where u, is an unramified
character of k¥, and our assumptions on ¢, imply that |u,(f)| = |¢|%, with
|@,| <4. In this case

Lt Xatoiy> S + DLy Kot S + 3)

JUs) =
© L(Xa0ots s +1)

Finally, we have

1,0, £) = L()L? (1, s +’"T+3) L"(l, s 5) F(o, 5)

where
F(a,s)=1I J)(@).

vEQ

By our estimates on the exponents a,, we see that F(a, s) converges absolutely
for Re(s) = 3 when m is even, and for Re(s) > 1 when m is odd. We see that
s = (m — 3)/2 lies in this domain for m = 6. This proves the lemma. O
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